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Ladder architectures are fruitful systems to realize topological phases of matter. Here we present
a classification of ladder models giving rise to topological insulators. We identify six different types
of topological ladder models, three in the BDI symmetry class, and three in the AIII symmetry class.
They correspond to six distinct configurations of Wilson fermions. The six types are manifested in
distinctive momentum distributions of the corresponding topological edge modes. The number of
Wilson fermions, their chirality and mass, are directly manifested in the number, momentum and
height of the peaks of the momentum distribution of the corresponding topological edge modes. We
identify a canonical ladder geometry, the bowtie ladder, from which any other topological ladder
model can be obtained by a unitary transformation. We identify, classify and list all possible
topological ladder geometries, determining the parameter regimes in which each of the six types of
topological edge modes can be realized. Our results open a route for the experimental realization
and detection of topological insulators in novel symmetry classes with ladder architectures.
PACS numbers: 37.10.Jk, 03.75.Lm,03.65.Vf
I. Introduction
The understanding of topological many-body phases
and the synthesis of novel topological materials is one
of most important and difficult challenges of modern
theoretical and experimental quantum physics. With
ultracold atoms in optical lattices, the recent realiza-
tion of ladder architectures with artificial gauge fields
has opened a fascinating route towards the realiza-
tion and detection of artificially created one-dimensional
topological phases. Ladder systems are fruitful one-
dimensional systems [1] where to explore the physics of
two-dimensional topological phases. By combining a su-
perlattice structure together with laser-assisted tunnel-
ing [2, 3], ladders in the presence of effective magnetic
fluxes habe been realized, and chiral currents were ex-
perimentally observed [4]. Additionally, ladder systems
with effective magnetic fluxes have also been created by
using a synthetic dimension [5–14], where each ladder
leg corresponds to a different internal atomic degree of
freedom. Furthermore, interesting instances of interact-
ing topological phases have been recently theoretically
investigated in ladder systems [15–19].
Here, we aim at the investigation of ladder architec-
tures for the realization of novel symmetry classes of
topological insulators. Specially, we focus in the realiza-
tion of the AIII symmetry class [21, 22], where the topo-
logical insulator breaks both time reversal and charge-
conjugation symmetry, while preserving chiral symme-
try. In contrast to the BDI symmetry class, represented
by the seminal model of Su, Schrieffer, and Heeger [23]
(the SSH model), which has been realized and probed
with ultracold atoms [26–28], the AIII symmetry class
lacks to our knowledge experimental realization and has
been only rarely theoretically explored. AIII topological
insulators are believed to open a physical pathway to Rie-
mann’s conjecture, for one-dimensional models realizing
the Riemann zeros seem to belong to the AIII symmetry
class [25].
We present a classification of ladder models giving
rise to topological insulators. We identify six different
types of topological ladder models, three in the BDI
symmetry class, and three in the AIII symmetry class.
They correspond to six distinct configurations of Wil-
son fermions. The six types are manifested in distinctive
momentum distributions of the corresponding topologi-
cal edge modes. The number of Wilson fermions, their
chirality and mass, are directly manifested in the num-
ber, momentum and height of the peaks of the momen-
tum distribution of the corresponding topological edge
modes. We identify a canonical ladder geometry, the
bowtie ladder, from which any other topological ladder
model can be obtained by a unitary transformation. We
identify, classify and list all possible topological ladder
geometries, determining the parameter regimes in which
each of the six types of topological edge modes can be
realized. Our results open a route for the experimental
realization and detection of the six types of topological
insulators in a ladder architecture.
II. Symmetry classes of 1D topological insulators
Topological insulators are classified according to their
symmetry properties under time reversal, charge conju-
gation and chiral transformations [20–22]. In one di-
mension, the presence or absence of chiral symmetry de-
termines completely the topological or trivial character
of an insulator. Since chiral symmetry is the composi-
tion of time reversal and charge conjugation symmetries,
thus either both time reversal and charge conjugation
symmetries are present or none of them is. These two
cases correspond, respectively, to the two distinct sym-
metry classes of one-dimensional topological insulators:
the BDI class and the AIII class (see Fig. 1).
We consider a Hamiltonian H for a one-dimensional
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2FIG. 1. Topological classes of 1D insulators. Symmetry
classes for one-dimensional insulators according to the pres-
ence (1) or absence (0) of time reversal (T ), charge conjuga-
tion (C) and chiral (S) symmetries.
FIG. 2. 1D topological insulator. A model for a 1D topo-
logical insulator with translational invariance can be repre-
sented as a ladder in which each leg corresponds to a different
type of site within every unit cell.
non-interacting topological insulator with translational
invariance. This system can be illustrated as a lad-
der with a leg for each different type of site per unit
cell, where every hopping term is represented by a line
(see. Fig. 2). The translational invariance allows us to
write the Hamiltonian using the momentum representa-
tion as:
H = −
∑
k
ψ†kM(k)ψk, (1)
being ψ†k a vector that contains all creation modes with
Bloch momentum k, ψ†k = (aˆ
†
k bˆ
†
k . . . ), and M(k) a her-
mitian matrix called the Hamiltonian matrix.
In this context time reversal, charge conjugation
and chiral symmetries are transformations acting on
the spinor ψk that produce a particular change in the
Hamiltonian. Time reversal symmetry is an antiunitary
transformation T that leaves the Hamiltonian invariant,
charge conjugation symmetry is an antinunitary transfor-
mation C under which the Hamiltonian changes its sign
and, finally, chiral symmetry is a unitary transformation
S that changes the sign of the Hamiltonian. That is:
T ψk = UT (ψk)∗, T HT −1 = H (2)
C ψk = UC (ψk)∗, CHC−1 = −H (3)
S ψk = US ψk, SHS−1 = −H. (4)
Where UT , UC and US are unitary constant matrices.
Therefore, time reversal symmetry implies that the eigen-
states of the Hamiltonian come in pairs with the same
energy but opposite momenta, charge conjugation sym-
metry implies that they come in pairs with opposite en-
ergies and momenta, and finally chiral symmetry implies
that they come in pairs with opposite energies and same
FIG. 3. Ladder model. Schematic illustration of a ladder
model. Each leg corresponds to one of the two different sites
per unit cell and all possible couplings are represented by
lines.
momentum.
From Eq. (1) it follows that these symmetry operations
acting on the Hamiltonian are equivalent to a transfor-
mation of the Hamiltonian matrix. Therefore, the con-
ditions for time reversal, charge conjugation and chiral
symmetry can be expressed as:
T : UT | UT M∗(−k)U†T = M(k) (5)
C : UC | UCM∗(−k)U†C = −M(k) (6)
S : US | USM(k)U†S = −M(k), (7)
being UT , UC and US unitary matrices with no depen-
dence on the momentum.
III. Hamiltonian characterization of topological
ladder models
In this work we study models for non-interacting one-
dimensional topological insulators with two different sites
per unit cell, translational symmetry and in which only
couplings that change the lattice index by one unit at
most are allowed. That is what we call here a ladder
model (see Fig. 3).
We denote as aˆ†n and bˆ
†
n the operators that create a
particle in the sublattice site an and bn of the n-th lat-
tice cell, respectively. The most general ladder model
corresponds to the following Hamiltonian:
H = −
N∑
n=1
(
ψ†n C ψn + ψ
†
n+1 T ψn + ψ
†
n T
† ψn+1
)
, (8)
where ψ†n =
(
aˆ†n bˆ
†
n
)
, N is the total number of unit cells
in the lattice, C is a 2 × 2 hermitian matrix and T a
general complex 2 × 2 matrix. Both matrices have no
dependence on the lattice index n, as we are considering
the model to be translational invariant. We change to the
momentum representation and write the Hamiltonian H
as:
H = −
∑
k
ψ†kM(k)ψk, (9)
where:
M(k) = C + e−ik T + eik T † (10)
3is the Hamiltonian matrix. As any 2×2 hermitian matrix,
it can be written as:
M(k) = λ(k)I+ ρ(k)n(k) · σ, (11)
being I the identity and σ a vector containing the three
Pauli matrices. Here λ(k) and ρ(k) are real functions
and n(k) is a real unit vector in the 3-dimensional space.
The Hamiltonian matrix depends on the momentum only
through the sine and cosine functions [see Eq. (10)] and
therefore the vector n(k) can be decomposed as:
ρ(k)n(k) = n0 + nc cos k + ns sin k, (12)
being n0, nc and ns three constant vectors.
In the following we show how the symmetry class of
a ladder Hamiltonian is determined by the properties of
these three vectors. We also identify the general form of a
ladder Hamiltonian in the BDI symmetry class and a lad-
der Hamiltonian in the AIII symmetry class. For that, we
first impose chiral symmetry and obtain the most general
Hamiltonian of a topologically nontrivial ladder model.
Afterwards, we impose time reversal symmetry and dis-
tinguish between ladder Hamiltonian in the BDI class
and a ladder Hamiltonian in the AIII class.
A. Ladder Hamiltonian with chiral symmetry
We consider the Hamiltonian matrix of a general lad-
der model, Eq. (11). It can be proved that it has chiral
symmetry if and only if λ(k) = 0 and the vector n(k)
lives in a plane that crosses the origin (see Appendix A
for the details). That is, the conditions for chiral sym-
metry are:
M(k) = ρ(k)n(k) · σ, (13)
{n0, nc, ns} are linearly dependent. (14)
In other words, the Hamiltonian matrix has no compo-
nent proportional to the identity and the three compo-
nents of n(k) lie in a common plane. As a consequence,
we can choose a particular orthonormal basis within that
plane made by just two vectors n1 and n2 and write the
Hamiltonian matrix as a combination of σ1 = n1 ·σ and
σ2 = n2 · σ, being {σ1, σ2} = 0.
In conclusion, the most general ladder model for a
topological insulator corresponds to a Hamiltonian ma-
trix of the form:
M(k) = f1(k)σ1 + f2(k)σ2, (15)
with {σ1, σ2} = 0 and being f1(k) and f2(k) two real
functions that depend on the momentum through the
sine and cosine functions. Defining:
σ3 = −(i/2) [σ1, σ2] , (16)
it follows that σ3M(k)σ3 = −M(k). Therefore we can
identify the orthogonal direction to the plane where n(k)
lives with the unitary operator that fulfils the chiral con-
dition (7), that is: US = σ3.
B. Ladder Hamiltonian in the BDI class
We consider a general Hamiltonian matrix with chiral
symmetry, written as in Eq. (13). By imposing the con-
dition for time reversal symmetry in Eq. (5), it can be
proved (see Appendix A for the details) that the Hamil-
tonian has time reversal symmetry if and only if:
ns · n0 = 0 (17)
ns · nc = 0. (18)
In other words, the even and odd components of the
Hamiltonian matrix must be perpendicular to each other.
Combining this with the second condition for chiral sym-
metry, Eq. (14), it follows that the Hamiltonian matrix
of a BDI model must be a combination of two Pauli ma-
trices along perpendicular directions, corresponding each
to an even and an odd function of the momentum, re-
spectively. This means that there exist real parameters
α, β and γ and a particular choice of the orthonormal
basis {n1,n2} such that:
f1(k) = α+ β cos k (19)
f2(k) = γ sin k. (20)
Therefore, the most general Hamiltonian for a ladder
model in the BDI symmetry class corresponds to a matrix
of the form:
M(k) = (α+ β cos k)σ1 + γ sin k σ2, (21)
where α, β and γ are real parameters and {σ1, σ2} = 0.
A Hamiltonian of this form has chiral symmetry because
it is a particular case of Eq. (15), and it has time reversal
symmetry since:
σ2σyM
∗(−k)σyσ2 = M(k). (22)
Chiral and time reversal symmetries imply charge con-
jugation symmetry, therefore the condition for charge
conjugation symmetry is also fulfilled. We can identify
the time reversal and charge conjugation transformations
that satisfy the respective symmetry conditions, Eq. (5)
and Eq. (6), as: UT = σ2σy and UC = σ1σy.
C. Ladder Hamiltonian in the AIII class
A model in the AIII symmetry class has chiral sym-
metry but is not time reversal symmetric. Therefore,
it corresponds to a Hamiltonian matrix of the form in
Eq. (15) that cannot be written as in Eq. (21).
In addition to the form in Eq. (15), the Hamiltonian
matrix of a chiral model can be written in an alternative
way, using the basis formed by nc and ns. Since the
components of the Hamiltonian matrix of a chiral model
lie in a common plane, there exist real parameters α, β,
η and γ such that:
M(k) = (α+ β cos k)σc + (η + γ sin k)σs, (23)
4FIG. 4. Geometrical classification of ladder Hamil-
tonians. The symmetry class of a ladder model is deter-
mined by the geometry of its Hamiltonian matrix M(k) =
(n0 + nc cos k + ns sin k) ·σ. In the most general case it cor-
responds to a normal insulator (a). When all the components
lie in a common plane the system has chiral symmetry and,
thus, exhibits topological properties. The orthogonal direc-
tion to that plane, denoted by the unit vector n3, corresponds
to the chiral symmetry operator: US = σ3 = n3 ·σ. If the odd
component is normal to the even ones, the system is in the
BDI class (b), whereas it belongs to the AIII class otherwise
(c). For the shake of clarity all vectors are represented with
the same modulus, although they are in general different.
with σc = (nc · σ)/|nc| and σs = (ns · σ)/|ns|.
Comparing this expression to the general Hamiltonian
matrix of a BDI model, Eq. (21), we conclude that the
most general Hamiltonian for a ladder model in the AIII
class corresponds to a Hamiltonian matrix of the form in
Eq. (23) with η 6= 0 and/or {σc, σs} 6= 0. In other words,
the model must break at least one of the two conditions
η = 0 and {σc, σs} = 0 in order to be in the AIII class,
which are equivalent to the time reversal conditions in
Eq. (17) and Eq. (18).
In this way, we use two different representations for
the Hamiltonian matrix of a chiral ladder. The first one,
Eq. (15), uses an orthonormal basis {n1,n2} and, thus,
two anticommuting Pauli matrices σ1 and σ2. The sec-
ond one, Eq. (23), in contrast, uses two Pauli matrices
σc and σs whose anticommutator is in general different
from zero. They are combinations of σ1 and σ2 and the
four of them lie in the same plane. The first represen-
tation has the advantage of using an orthonormal basis,
which is easier to deal with. On the other hand, in the
second representation the functions sin k and cos k are
separated in different components, which is more conve-
nient in some situations. Only for the BDI class these
two representations coincide and the even and odd com-
ponents of the Hamiltonian matrix can be separated in
orthogonal directions.
In conclusion, the symmetry class of a ladder model
for a topological insulator is determined by the geom-
etry of the Hamiltonian matrix. Decomposing it as
M(k) = (n0 + nc cos k + ns sin k) ·σ, the model is topo-
logically non-trivial only when all components lie in a
common plane, corresponding to a topologically trivial
insulator otherwise [Fig. 4(a)]. In the former case, the
system belongs to the BDI class if the even and odd
components are perpendicular to each other [Fig. 4(b)],
whereas it is in the AIII class in the most general situa-
tion [Fig. 4(c)].
IV. 6 types os topological ladder models and 6
types of Wilson fermion configurations
A. Topological characterization of a ladder model.
As we explained in Chapter 6, a ladder model with
chiral symmetry corresponds to a Hamiltonian matrix
that can be written using two different representations.
On one hand:
M(k) = ρ(k)n(k) · σ, (24)
being the vector n(k) confined in a particular plane; that
is, there exists a unitary vector n3 such that n3 ·n(k) = 0
∀k ∈ 1stBZ. On the other hand, we can define another
two unitary vectors n1 and n2 such that the three of
them, {n1,n2,n3}, form an orthonormal basis. There-
fore, the Hamiltonian matrix can also be written as:
M(k) = f1(k)σ1 + f2(k)σ2, (25)
with {σ1, σ2} = 0, being σj = nj ·σ, j = 1, 2 and f1(k)
and f2(k) two real functions of the momentum.
Both ways of writing the Hamiltonian matrix can be
related by defining the complex function z(k) and the
real function ϕ(k) as:
z(k) = ρ(k) eiϕ(k) = f1(k) + if2(k), (26)
so that n(k) = cosϕ(k)n1 + sinϕ(k)n2. In this way
ϕ(k) is the azimuth angle of the vector n(k) when us-
ing spherical coordinates if we choose the three cartesian
coordinates x, y and z in the directions of n1, n2 and
n3, respectively (see Fig. 5). Hence, the eigenvectors of
the Hamiltonian matrix are easy to obtain, as they cor-
respond to the vectors ±n(k) in the Bloch sphere repre-
sentation. That is:
±n(k) −→ U
(
1
±eiϕ(k)
)
, (27)
being U the rotation that transforms σx(σy) into σ1(σ2)
and corresponding each of the two possibilities ± to each
of the two different energy bands. The eigenmodes of
the Hamiltonian under periodic boundary conditions are
therefore:
|k〉± =
(
aˆ†k bˆ
†
k
) 1√
2
U
(
1
±eiϕ(k)
)
|0〉 , (28)
whose corresponding energies are:
E±(k) = ∓ρ(k) = ∓
√
f21 (k) + f
2
2 (k). (29)
5FIG. 5. Hamiltonian matrix curve of a ladder model.
(a) A ladder model with chiral symmetry is characterized by
the functions f1(k) and f2(k), which describe a closed curve
in the plane. This curve determines the two energy bands of
the system as E±(k) = ∓ρ(k), being ρ(k) the distance from
each point to the origin. (b) In addition, each point in the
curve determines also an angle ϕ(k), which defines an isospin
vector n(k) that characterizes each eigenstate. The presence
of chiral symmetry makes the vector n(k) be constrained to
the plane generated by the two vectors n1 and n2.
FIG. 6. Topological characterization of a ladder model.
The trivial and topological phases of a ladder model are char-
acterized and distinguished by the Zak phase. In the trivial
phase the curve drawn by the Hamiltonian matrix in the com-
plex plane, z(k) = f1(k) + if2(k), does not enclose the origin
(a), so that the vector n(k) on the Bloch sphere describes
a circular arc as the momentum varies across the Brillouin
zone (b). This situation corresponds to a Zak phase Z = 0.
On the other hand, when the system is in the topologically
non-trivial phase, z(k) encloses the origin (c), and the vector
n(k) describes a closed circumference (d). In this case the
Zak phase takes the value Z = pi.
Once we have obtained the Bloch modes, i.e. the eigen-
states of the Hamiltonian for periodic boundary condi-
tions, we can compute the Zak phase, which characterizes
the topological nature of the system [? ]. It consists of
the geometrical phase acquired by a particle when com-
pleting an adiabatic path across the whole first Brillouin
zone, that is:
Z = −i
∮
1stBZ
dk 〈k|± ∂k |k〉± =
∆ϕ
2
. (30)
As we see, the Zak phase is quantized according to the
winding number around the origin of z(k) in the complex
plane and, equivalently, to the winding number of the
vector n(k) around the origin in the plane generated by
the two vectors n1 and n2 (see Fig. 6). When the curve
encloses the origin (winding number 1) the system is
in a topological phase and correspodns to a Zak phase
Z = pi. On the contrary, if the curve does not enclose
the origin (winding number 0) the system is in a trivial
phase and Z = 0.
In this way, the presence of chiral symmetry makes
the Hamiltonian matrix live on the plane generated by
n1 and n2, where the functions f1(k) and f2(k) define
a closed curve parametrized by the momentum. These
two functions completely characterize the ladder model,
being the particular directions of the vectors n1 and n2
irrelevant as they can be changed by performing a global
unitary transformation. On one hand, the winding num-
ber of the curve determines weather or not the system is
found to be in its topological phase. On the other hand,
each point in the curve, given by a particular value of
the momentum k, determines an angle ϕ(k) and a dis-
tance to the origin ρ(k). The first function defines an
isospin vector n(k), which corresponds through the Bloch
sphere representation to the particular superposition be-
tween the modes aˆ†k and bˆ
†
k that constitutes an eigenstate
of the Hamiltonian, Eq. (28), while the second function
gives us the energy of such modes, Eq. (29).
B. 6 types of topological ladder models
In this section we analyse the different types of energy
bands that a topological ladder model can exhibit. We
pay special attention to the number of energy gaps be-
tween the two bands, as well as their width and location
in the first Brillouin zone. These aspects are quite rele-
vant since, as we show in Sec. 6, they are directly related
to the properties of the symmetry protected edge modes
that a topological ladder model give rise to. In this way,
we have classified all possible topological ladder models
into six different types, three of them belonging to the
BDI symmetry class, and another three in the AIII sym-
metry class.
1. 3 types of topological ladder models in the BDI class
As we concluded in Sec. 3, the Hamiltonian matrix of a
topological ladder model in the BDI symmetry class has
the following form:
M(k) = f1(k)σ1 + f2(k)σ2, (31)
6with {σ1, σ2} = 0 and:{
f1(k) = α+ β cos k
f2(k) = γ sin k
, (32)
being α, β and γ three real parameters. Therefore the
curve drawn by the Hamiltonian matrix in the complex
plane, z(k) = f1(k) + if2(k), is an ellipse with its cen-
ter located at the point (α, 0) and whose horizontal and
vertical axes are given by |β| and |γ|, respectively. That
is: [
f1(k)− α
β
]2
+
[
f2(k)
γ
]2
= 1. (33)
The two energy bands of such topological ladder model
are:
E±(k) = ∓
√
α2 + γ2 + 2αβ cos k + (β2 − γ2) cos2 k.
(34)
The energy bands are distinguished by a global sign,
E±(k) = ∓ρ(k), so that the energy gaps will be located
at the minima of the function ρ(k). Being q a certain
minimum of such function, the width of the correspond-
ing energy gap will be Egap = 2ρ(q).
Taking into account the location and width of the
energy gaps we can distinguish three types of topological
ladder models in the BDI symmetry class. On one hand,
the number of energy gaps cannot be larger than two,
as the curve described by the Hamiltonian matrix in
the complex plane is an ellipse. On the other hand, the
presence of time reversal symmetry makes the energy
bands be symmetric with respect to the momentum,
that is: E±(−k) = E±(k). Therefore there are three
distinct possibilities, namely: i) a single energy gap
located at momentum q = 0 or q = pi (as the momenta
k = pi and k = −pi are identified), ii) two energy gaps
of the same width located at opposite momenta q1 = q
and q2 = −q, with q 6= 0, pi , and iii) two energy gaps
with, in general, different widths and located at the
momentum values q1 = 0 and q2 = pi. We call these
three cases the SSH-like model, the balanced BDI model
and the imbalanced BDI model, respectively.
i) SSH-like model
The SSH model corresponds to the particular case in
which |β| = |γ|, so that the ellipse that characterizes the
Hamiltonian matrix in the complex plane collapses into
a circle [see Fig. 7(a1)]. As a consequence the function
ρ(k) has just one minimum and, therefore, the energy
bands show a single energy gap, which can be located at
momentum q = 0 or q = pi [see Fig. 7(a2)]. For αβ > 0,
the energy gap is found to be at q = 0, whereas it is
located at q = pi for αβ < 0.
In the case in which |β| 6= |γ|, so that the two axes of
the ellipse in the complex plane are different from each
other, there is a region in the parameter space in which
the corresponding ellipse has an eccentricity low enough
for the bands to have a single energy gap, located at the
same position as in the SSH model. This more general
model is what we call the SSH-like model and is defined
by the condition |αβ| ≥ |β2−γ2|. To see this, we consider
the first derivative with respect to the momentum of the
lower energy band of a general BDI ladder model [see
Eq. (34)]:
ρ′(k) = − 1
ρ(k)
sin k
[
αβ + (β2 − γ2) cos k] . (35)
It is straightforward to conclude that a momentum q
needs to fulfil one of the following conditions in order to
be a minimum (or a maximum) of the band: i) sin q = 0,
or ii) cos q = −αβ/(β2 − γ2). In the case in which
|αβ| > |β2 − γ2| condition ii) does not define a real
value for q and, therefore, there are only two solutions:
q = 0 and q = pi, one will correspond to a maximum
and the other to a minimum. This is precisely the case
for the SSH-like model. In the particular case in which
|αβ| = |β2 − γ2| condition ii) can be indeed satisfied by
a real value of the momentum, however the solution co-
incides with one of the solutions of condition i) and thus
this situation represents another case of SSH-like model.
Finally, when |αβ| < |β2−γ2|, there are four different so-
lutions. Among them, two will be minima and the other
two maxima. This last situation includes the two other
types of BDI ladder models different from the SSH-like
model.
Nevertheless, the edge modes of the SSH-like model
are not significantly different from the ones that ap-
pear in the SSH model (see Chapter 9), which is a
simpler and widely known model. Therefore, we will
often use the SSH model as a representative of the
first type of topological ladder model in the BDI class,
instead of using the slightly more general SSH-like model.
ii) Balanced BDI model
This model corresponds to the situation in which
|αβ| < |β2 − γ2|, what implies that the upper band has
two maxima and two minima, and |β| > |γ|, so that
the horizontal axis of the ellipse in the (f1, f2)-plane
is bigger than the vertical one [see Fig. 7(b1)]. In this
situation, the minima are located at q1 = q and q2 = −q
with cos q = −αβ/(β2 − γ2) and the maxima are found
at k = 0 and k = pi. In this way, the energy gaps
between the two bands are located at opposite momenta
±q and, as a consequence of time reversal symmetry,
their widths are the same [see Fig. 7(b2)].
iii) Imbalanced BDI model
The third type of BDI ladder model corresponds to the
last possibility: |αβ| < |β2 − γ2| and |β| < |γ|, so that
the ellipse in the (f1, f2)-plane has a vertical axis bigger
7FIG. 7. 3 types of topological ladder models in the BDI class. There are three types of topological ladder models in
the BDI symmetry class, which are distinguished and characterized by their energy gap configurations. (a) The SSH model (as
the representative of a slightly more general model, the SSH-like model) corresponds to a circumference in the (f1, f2)-plane
and a single energy gap between the two energy bands of the system. This gap is located at q = 0 or q = pi, depending on the
relative sign between the Hamiltonian parameters α and β (see text). (b) The balanced BDI model corresponds to an ellipse in
the (f1, f2)-plane whose horizontal axis is bigger than the vertical one, so that there are two energy gaps of the same width and
located at opposite momenta q1 = q and q2 = −q, with cos q = αβ/(γ2 − β2). (c) The imbalanced BDI model is characterized
by a Hamiltonian matrix that draws an ellipse in the (f1, f2)-plane with a vertical axis bigger than the horizontal one, and thus
there are two gaps between the energy bands, located at momentum q1 = 0 and q2 = pi. In general, each gap has a different
width.
FIG. 8. Classification of BDI ladder models. A general
ladder model in the BDI symmetry class can be classified
into one of three different types according to the parameters
of its Hamiltonian matrix M(k) = (α+β cos k)σ1+γ sin k σ2.
For |αβ| ≥ |β2 − γ2|, it corresponds to the SSH-like model,
which is characterized by (a) a single energy gap located at
q = 0 if αβ > 0 or (b) a single energy gap located at q =
pi for αβ < 0. The SSH model is a representative of this
type and corresponds to the particular case in which |β| =
|γ|. On the other hand, when |αβ| < |β2 − γ2|, the system
corresponds to the balanced BDI model for |β| > |γ| and to
the imbalanced BDI model for |β| < |γ|. The former one is
characterized through its energy bands by (c) the presence
of two energy gaps of the same width located at opposite
momenta, whereas the last one gives rise to (d) a pair of
energy gaps of the different widths at momenta q = 0 and
q = pi. (e) Parameter space of a general BDI ladder model,
where the two axes correspond to the quantities |β/α| and
|γ/α|. The blue region corresponds to the SSH-like model, the
pink one to the balance BDI model and the yellow one to the
imbalance BDI model. The dashed black line corresponds to
the SSH model and the dashed red line indicates the critical
point that separates the trivial phase, |α| > |β|, from the
topological one, |α| < |β|.
than its horizontal axis [see Fig. 7(c1)]. As in the
balanced BDI model, the imbalanced BDI model is char-
acterized by two minima and two maxima in its energy
bands. However, their locations are interchanged, being
the minima located at q1 = 0 and q2 = pi, whereas the
maxima take place at ±q with cos q = −αβ/(β2 − γ2).
Therefore, while the locations of the energy gaps are
fixed at q1 = 0 and q2 = pi, their widths can be in
general different [see Fig. 7(c2)].
It is illuminating to draw the parameter space of a
general topological ladder model in the BDI symmetry
class and identify the region corresponding to each one
of the three types of BDI ladder models. The condition
|αβ| ≥ |β2 − γ2|, that defines the SSH-like model, can
be written in terms of the ratios |β/α| and |γ/α|. If
we define x = |β/α| and y = |γ/α|, the SSH-like model
corresponds to the region whose boundaries are given by
8the following functions:
y =
√
x2 − x, (36)
y =
√
x2 + x, (37)
which are asymptotically close to the lines y = x − 1/2
and y = x + 1/2, respectively. Therefore, the SSH-like
model region in the parameter space corresponds approx-
imately to a stripe of width 1/
√
2 whose center is given by
the line |β/α| = |γ/α| (SSH model), corresponding the
two remaining regions to the balanced and imbalanced
BDI models [see Fig. 8(e)].
2. 3 types of topological ladder models in the AIII class
From Chapter 6, we know that a topological ladder
model in the AIII symmetry class is characterized by a
Hamiltonian matrix of the form:
M(k) = (α+ β cos k)σc + (η + γ sin k)σs, (38)
being η 6= 0 and/or {σc, σs} 6= 0. This implies that, if we
write the Hamiltonian matrix using two anti-commuting
Pauli matrices σ1 and σ2 as:
M(k) = f1(k)σ1 + f2(k)σ2, (39)
the two functions f1(k) and f2(k) describe an ellipse
such that, in contrast to the BDI case, its center can
be located anywhere in the plane and its axes can be
rotated with respect to the abscises and ordinates axes.
As a consequence, the energy gap configurations that a
topological ladder model in the AIII class can exhibit
are richer than those in the BDI class, as they are not
constrained by the presence time reversal symmetry.
Analogously to the classification of BDI ladder models,
we can distinguish three distinct kinds of topological
ladder models in the AIII symmetry class, characterized
by a different energy gap configuration, namely: i) a
single energy gap located at momentum q 6= 0, pi, ii) two
energy gaps of the same width located at not opposite
momenta q1 and q2, and iii) two energy gaps with
different widths and located at any momentum values q1
and q2, excluding the case in which q1 = 0 and q2 = pi.
We call these three cases the circular AIII model, the
balanced AIII model and the imbalanced AIII model,
respectively.
i) Circular AIII model
In the case in which |β| = |γ| the curve described by
the Hamiltonian matrix in the complex plane is a circle
[see Fig. 9(a1)]. Therefore the energy bands give rise to
a single energy gap, which is located at any momentum
q different from 0 and pi [see Fig. 9(a2)], as these
two particular cases take place only in the BDI class.
Nevertheless, not only the specific case in which |β| = |γ|
corresponds to this gap configuration. Analogously
to the SSH model and the SSH-like model, the case
|β| = |γ| is just a particular model within a larger region
in parameter space in which the Hamiltonian matrix
ellipse has an eccentricity low enough for the energy
bands to have a single energy gap. For the sake of
simplicity, we refer to this type of AIII ladder models
as the circular AIII model, since the case |β| = |γ| (the
only situation in which the Hamiltonian matrix curve
is truly a circle) is the simplest representative of this
family of models and there is no significant distinction
between any of them.
ii) Balanced AIII model
This model corresponds to the case in which the Hamil-
tonian matrix ellipse is such that one of its axes crosses
the origin [see Fig. 9(b1)], so that the points associated
to the minima of the upper band are at the same dis-
tance from the origin and, thus, there are two energy
gaps of the same width between the two energy bands
[see Fig. 9(b2)]. These energy gaps cannot be located at
opposite momenta, as this would correspond to the BDI
class. That is, the gaps are located at q1 and q2 with
q1 6= −q2.
iii) Imbalanced AIII model
Finally, the imbalanced AIII model consists of the
more general case, in which the Hamiltonian matrix el-
lipse does not correspond to any of the previous situations
[see Fig. 9(c1)]. In this case the energy bands show a pair
of energy gaps with different widths and located at any
momenta q1 and q2 [see Fig. 9(c2)], excluding the case
q1 = 0 and q2 = pi as it corresponds to the imbalanced
BDI model.
C. 6 types of Wilson fermion configurations
A ladder model with chiral symmetry and a Fermi en-
ergy between the two bands can be interpreted as a dis-
cretized description of a fermion, where a whole in the
filled sea of negative energy states represents an antipar-
ticle.
When there is a gap between the two bands the fermion
is massive, whereas it is massless at the critical point,
where the two bands cross each other. The simplest
ladder model describing a fermion with a kinetic and a
mass term is called the naive lattice transcription of the
Dirac equation [30]. Each of the two momentum val-
ues at which the upper band reaches a local minimum
corresponds to a pole of the propagator and thus to a
different specie of fermion [31]. In the context of parti-
cle physics this was called the doubling problem and was
solved by Wilson [29], who added another kinetic term
so that one of the fermions gets heavier, leaving only one
light fermion.
In the context of condensed matter, the naive Dirac
9FIG. 9. 3 types of topological ladder models in the AIII class. There are three types of topological ladder models in
the AIII symmetry class, characterized by distinc energy gap configurations. (a) The circular AIII model corresponds to an
ellipse in the (f1, f2)-plane whose eccentricity is low enough for the energy bands to have a single gap. Due to the lack of time
reversal symmetry, this energy gap is located at q 6= 0, pi. In this figure we show the particular case in which the Hamiltonian
matrix ellipse is actually a circumference, which represents the simplest circular AIII model. (b) The balanced AIII model
corresponds to a Hamiltonian matrix ellipse such that one of its axis crosses the origin, so that there are two energy gaps of
the same width. The lack of time reversal symmetry implies that they are located at not opposite momenta: q1 and q2 with
q1 6= −q2. (c) The imbalanced AIII model corresponds to the most general situation. Therefore, it shows two energy gaps of
different widths and located at any positions in momentum space; excluding the case in which q1 = 0 and q2 = pi, as it would
correspond to the imbalanced BDI model.
FIG. 10. Wilson fermion configurations of a ladder model. There are three different configurations of Wilson fermions
that a ladder model in the BDI class can describe, and another three in the AIII class. Each of this six possibilities is
characterized by three aspects. First, the number of fermions, which can be one or two. Second, in case there are two fermions,
weather they have the same mass or not. Third, the chirality of the fermions, which is related to the symmetry class of the
ladder model (see text).
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fermion corresponds to a trivial insulator, whereas the
Wilson fermion corresponds to a topological ladder in
the BDI symmetry class, more precisely to the Creutz
ladder [? ]. It describes two Wilson fermions of different
masses localized at momenta k = 0 and k = pi. After
considering the most general ladder model Hamiltonian
we have found more possible Wilson fermion configura-
tions, as well as a relation between the symmetry class
of a topological ladder model and the set of Wilson
fermions that it describes.
There are six distinct Wilson fermion configurations
that a ladder model can exhibit, and they correspond
to the six different types of ladder models we showed
in the previous section. The SSH model corresponds to
just one fermion, which is massive, and appears at mo-
mentum k = 0 or k = pi. Therefore we say that it is
a non chiral Wilson fermion. The balanced BDI model
shows two fermions of the same mass, since both energy
gaps in this kind of ladder model have the same width.
The energy gaps appear at opposite momenta and, thus,
the two corresponding fermions have opposite chirality.
The imbalance BDI model describes two fermions with
different masses, being both of them non chiral, as the
energy gaps are located in momentum space at k = 0 and
k = pi. The circular AIII model shows a single Wilson
fermion, which is massive and chiral, as the energy gap
is located at any momentum different from 0 and pi. The
balanced AIII model describes two chiral fermions of the
same mass, and whose chiralities are not opposite to each
other. Finally, the imbalanced AIII model corresponds
to the most general case in which there are two chiral
fermions of different masses [see Fig. 10].
As we see, there are two variables: the number of
Wilson fermions and their masses. A topological ladder
model can describe one or two fermions and, in the
second case, they can have equal masses (balanced
models) or different masses (imbalanced models). The
presence of time reversal symmetry in the BDI class
forces the Wilson fermions to be non chiral, or, in
case there are two fermions with the same mass, have
opposite chirality. On the contrary, in the AIII class
all fermions are chiral, what is a manifestation of the
breaking of time reversal symmetry. In consequence,
there are six different Wilson fermion configurations
that characterize each type of topological ladder model.
V. Canonical topological ladder model: the bowtie
ladder
A. The bowtie ladder architecture
From Sec. 3 and Sec. 4, we know that a topological
ladder model is characterized by two real functions of the
momentum, f1(k) and f2(k), or alternatively by the real
functions ρ(k) and ϕ(k), being these four functions re-
lated through the expression ρ(k)eiϕ(k) = f1(k) + if2(k).
The Hamiltonian matrix of a topological ladder model
can then be written in terms of such functions as:
M(k) = f1(k)σ1 + f2(k)σ2, (40)
being σ1 and σ2 two anti-commuting Pauli matrices given
by two orthogonal unitary vectors in the 3-dimensional
real space; that is: σj = nj · σ with n1 · n2 = 0.
The particular directions of the vectors n1 and n2
are irrelevant as they can be changed by performing
a global unitary transformation. In this way, we can
focus on a particular choice for n1 and n2 and study
the corresponding ladder architecture and Hamiltonian.
If we take n1 = xˆ and n2 = yˆ we obtain a particular
realization of a topological ladder model. It constitutes
a canonical ladder model, as every topological ladder
model can be obtained from it by applying the appro-
priate unitary transformation.
We start by considering the Hamiltonian matrix of
such canonical ladder. For that we need to substitute
in Eq. 40 σ1 and σ2 by σx and σy, respectively. In this
way, and using the functions ρ(k) and ϕ(k) instead of
f1(k) and f2(k), the canonical ladder Hamiltonian ma-
trix takes the following form:
M(k) =ρ(k) [cosϕ(k)σx + sinϕ(k)σy] =
ρ(k)
(
0 e−iϕ(k)
eiϕ(k) 0
)
, (41)
so that the canonical ladder Hamiltonian in the momen-
tum representation is:
Hc = −
∑
k
ρ(k)
(
e−iϕ(k) aˆ†k bˆk + e
iϕ(k) bˆ†kaˆk
)
. (42)
The Hamiltonian matrix of any topological ladder model
depends on the momentum only through the two func-
tions sin k and cos k, or alternatively through eik and
e−ik (see Chapter 7). Therefore, the most general Hamil-
tonian matrix corresponds to the case in which ρ(k)eiϕ(k)
is a general complex linear combination of the three func-
tions 1, eik and e−ik, that is:
ρ(k)eiϕ(k) = e−iθ
(
Jeiφ/2 + te−iδeik + t′eiδe−ik
)
. (43)
Being J , t and t′ three real and positive parameters and
θ, φ and δ three phases. We have chosen a particular
parametrization of the phases which, without loss of gen-
erality, is really convenient in order to make a physical
interpretation of them, as we will show in the following.
In order to see how the canonical ladder Hamiltonian
looks like in the position representation, we substitute
ρ(k)eiϕ(k) by its expression in (43) in the Hamiltonian in
momentum space (42) and thus obtain:
Hc = −
∑
n
(
Jei(θ−φ/2) aˆ†nbˆn + te
i(δ+θ) aˆ†n+1bˆn+
t′e−i(δ−θ) aˆ†nbˆn+1 + h.c.
)
. (44)
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FIG. 11. The bowtie ladder. Schematic illustration of the
bowtie ladder, which is a canonical ladder model, as any other
ladder model can be obtained by performing the appropriate
unitary transformation onto this model. The bowtie ladder
consists of three different hopping terms: one vertical coupling
and two diagonal couplings. This ladder geometry allows the
construction of closed paths that define finite areas. A particle
that completes the elementary path an → bn+1 → an+1 →
bn → an gets a phase φ, which is then interpreted as an
effective magnetic flux penetrating the ladder.
In this way, we can identify the three parameters J , t
and t′ as the amplitudes of a vertical and two diagonal
couplings in the ladder, respectively. Therefore, due to its
ladder architecture, we call this model the bowtie ladder
model (see Fig. 11).
In order to see which role plays each parameter in the
bowtie ladder Hamiltonian, we go back to the momentum
representation and write the Hamiltonian as:
Hc = −
∑
k
(
aˆ†k bˆ
†
k
)
Rz(θ)Mc(k)R
†
z(θ)
(
aˆk
bˆk
)
, (45)
where Rz(θ) = e
iθσz/2 is a rotation of an angle θ around
the z-axis and:
Mc(k) =
[
J cos
φ
2
+ (t+ t′) cos(k − δ)
]
σx+[
J sin
φ
2
+ (t− t′) sin(k − δ)
]
σy. (46)
By inspecting the bowtie ladder Hamiltonian matrix
Mc(k), as well as the bowtie ladder geometry in Fig. 11,
we can identify three different phases in the model, with
three distinct physical meanings. These are:
• Effective magnetic flux φ
The phase φ determines the total phase accumulated
by a particle completing a closed path in the ladder. A
non-vanishing accumulated phase along a closed path
corresponds to an effective magnetic flux penetrating
the area defined by the path. Therefore, we can iden-
tify the phase φ as an effective magnetic flux. All
closed paths that can be defined in the canonical lad-
der are obtained as a combination of the elementary
path an → bn+1 → an+1 → bn → an. As we show in
the next sections, the phase φ affects the symmetries of
the Hamiltonian and the properties of the edge states.
• Shift δ in the momentum-isospin correspondence.
The phase δ produces a shift in the Hamiltonian ma-
trix with respect to the momentum [see Eq.(46)]. This
produces a shift in the correspondence between the mo-
mentum of each eigenstate and its associated vector in
the Bloch sphere, which makes them be genuinely dif-
ferent from those eigenstates corresponding to the case
in which there is no phase δ. This phase also affects
the symmetries of the Hamiltonian and the properties
of the edge states, as we show in the following sections
and Chapter 10.
• Irrelevant phase θ.
The phase θ produces a rotation around the z-axis [see
Eq.(45)], which is a global unitary operation and does
not affect the symmetries of the system. In the follow-
ing we neglect this phase for simplicity being all possi-
ble rotations around the z-axis included in our analysis
by adding the phase θ as shown in Fig. 11.
B. Symmetry properties of the bowtie ladder
1. The (n0,nc,ns)-decomposition
In order to know what are the symmetries of the bowtie
ladder Hamiltonian and how they depend on the differ-
ent parameters present in the model, we decompose its
Hamiltonian matrix as Mc(k) = (n0+nc cos k+ns sin k)·
σ, being:
n0 = J cos(φ/2) xˆ+ J sin(φ/2) yˆ,
nc = (t+ t
′) cos δ xˆ− (t− t′) sin δ yˆ,
ns = (t+ t
′) sin δ xˆ+ (t− t′) cos δ yˆ.
(47)
a) Chiral symmetry
It is clear that the bowtie ladder Hamiltonian has
chiral symmetry, as the three vectors n0, nc and ns lie
in the xy-plane. The Hamiltonian matrix is a linear
combination of σx and σy, Eq. (46) and therefore
σzMc(k)σz = −Mc(k); so that the chiral symmetry
condition, Eq. (7), is always fulfilled with US = σz.
b) Time reversal and charge conjugation symmetries
There are two conditions that a ladder model has to
fulfil in order to be time reversal symmetric, which are:
nc · ns = 0 and n0 · ns = 0 (see Chapter 6). These two
conditions applied to the bowtie ladder imply:
nc · ns = 0 → tt′ sin 2δ = 0, (48)
n0 · ns = 0 → t sin
(
δ +
φ
2
)
+ t′ sin
(
δ − φ
2
)
= 0.
(49)
The first time reversal condition, Eq. (48), implies that
δ can only take the values 0, ±pi/2 and pi. When δ = 0
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FIG. 12. Bowtie ladder symmetry class. Presence (1)
or absence (0) of time reversal, charge conjugation and chiral
symmetries in the bowtie ladder Hamiltonian. The symme-
tries of the bowtie ladder Hamiltonian are determined by the
phases of its couplings, namely: δ and φ. Only four particu-
lar configurations of parameters correspond to a Hamiltonian
that belongs to the BDI symmetry class, being in the AIII
class otherwise.
or pi, the second time reversal condition, Eq. (49), is ful-
filled only if φ = 0, whereas it is satisfied for φ = pi
when δ = ±pi/2. Therefore there are four different con-
figurations of the bowtie ladder parameters whose cor-
responding Hamiltonian exhibits time reversal symme-
try. In the presence of chiral symmetry, either both time
reversal and charge conjugation symmetries are present
in the model, or none of them is. Consequently, these
four configurations belong to the BDI symmetry class,
whereas any other configuration of parameters corre-
sponds to the AIII symmetry class. As a result, we obtain
Fig. 12, where we show the symmetries of the bowtie lad-
der Hamiltonian and their dependence on its parameters.
2. Hamiltonian matrix structure
Alternatively, we can obtain the symmetries of the
canonical ladder by analasyng its Hamiltonian matrix.
There are two ways in which the Hamiltonian matrix
of a ladder with chiral symmetry can be written. On one
hand, using two anticommuting Pauli matrices, σ1 and
σ2, and two functions of the momentum f1(k) and f2(k).
This representation is easier to deal with as it uses the
orthonormal basis {n1,n2}. However, these two vectors
are not unique, since we can choose any other orthogonal
basis within the plane in which the Hamiltonian matrix
lives; therefore, the two functions f1(k) and f2(k) are
also not unique and there is no systematic way in which
we can read the symmetry class of the Hamiltonian by
looking at these functions.
On the other hand, we can separate the component of
the Hamiltonian matrix that goes with sin k and the one
with cos k, what is more convenient in order to read the
symmetries of the Hamiltonian. Nevertheless, this second
representation uses two Pauli matrices, σc and σs, whose
anticommutator is in general different from zero. In this
way, we can write in general:
M(k) = (α+ β cos k)σc + (η + γ sin k)σs. (50)
Once we have expressed the Hamiltonian matrix of a
ladder model using this representation it is straightfor-
ward to read its symmetries. The model belongs to the
BDI class if and only if {σc, σs} = 0 and η = 0, being in
the AIII class otherwise. In other words, only in the BDI
case the odd and even components of the Hamiltonian
matrix can be separated in orthogonal directions (see
Chapter 6).
The bowtie ladder Hamiltonian matrix is written using
the first representation in Eq.(46). If we write it using
the second representation we get:
Mc(k) =
√
t2 + t′ 2 + 2tt′ cos 2δ
(
J cos δ cos(φ/2)
t+ t′
− J sin δ sin(φ/2)
t− t′ + cos k
)
σc +
+
√
t2 + t′ 2 − 2tt′ cos 2δ
(
J sin δ cos(φ/2)
t+ t′
+
J cos δ sin(φ/2)
t− t′ + sin k
)
σs (51)
where the two Pauli matrices σc and σs are:
σc =
(t+ t′) cos δ σx − (t− t′) sin δ σy√
t2 + t′2 + 2tt′ cos 2δ
, (52)
σs =
(t+ t′) sin δ σx + ((t− t′) cos δ σy√
t2 + t′2 − 2tt′ cos 2δ . (53)
Therefore, the two conditions that must be satisfied in
order for the Hamiltonian to be time reversal symmetric
are:
{σc, σs} = 4 tt
′ sin 2δ I√
(t2 + t′ 2)2 − (2tt′ cos 2δ)2 = 0 (54)
η = J
√
t2 + t′ 2 − 2tt′ cos 2δ
(
sin δ cos(φ/2)
t+ t′
+
cos δ sin(φ/2)
t− t′
)
= 0. (55)
The first condition implies that δ = 0, ±pi/2 or pi. When
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FIG. 13. Bowtie ladder Hamiltonian matrix ellipse. ,
The curve described by the bowtie ladder Hamiltonian matrix
is an ellipse centred at (J cos(φ/2), J sin(φ/2)) and with axes
t+ t′ and ||t| − |t′||. From the corresponding ellipse equation
we can derive the condition that the parameters need to fulfil
for the Hamiltonian to be topologically non-trivial [Eq. (57)].
δ = 0 or pi, η ∝ sin(φ/2) and thus φ = 0. In the case
δ = ±pi/2, η ∝ cos(φ/2) and therefore φ = pi. In this
way, we obtain the same result as before, using the three
vectors n0, nc and ns (see Fig. 12).
C. Bowtie ladder topological phase.
The simplest way of writing the bowtie ladder Hamilto-
nian matrix is using the form Mc(k) = f1(k)σx+f2(k)σy.
From Eq. (46) we can identify the functions f1(k) and
f2(k) and see that they satisfy the following ellipse equa-
tion:[
f1(k)− J cos(φ/2)
t+ t′
]2
+
[
f2(k)− J sin(φ/2)
t− t′
]2
= 1,
(56)
so that the curve described by the Hamiltonian matrix
in the complex plane is an ellipse centred at the point
(J cos(φ/2), J sin(φ/2)) and whose horizontal and verti-
cal axes are t+ t′ and |t− t′|, respectively (see Fig. 13).
Form this ellipse equation we can obtain the condition
that defines the region in the parameter space in which
the system exhibits a topologically non-trivial nature.
Such condition is determined by imposing that the el-
lipse encloses the origin and thus the Zak phase takes
the value pi. This condition is:
J
√
t2 + t′ 2 − 2tt′ cosφ < |t2 − t′ 2|. (57)
It is important to mention that we exclude the case
in which t = t′ from our analysis, as it corresponds to a
trivial Hamiltonian. From Eq. (46) we see that the com-
ponent that goes with sin(k− δ) in the Hamiltonian ma-
trix vanishes in this situation and thus the Hamiltonian
matrix ellipse collapses into a line [see Eq. (56)]. There-
fore, the corresponding winding number is always zero
and the model cannot access a topologically non-trivial
phase.
FIG. 14. 1D dimerized lattice from the canonical
ladder. The canonical ladder (a) can collapse into a one-
dimensional dimerized lattice by setting one of the two diag-
onal coupling amplitudes to zero. That is, making t′ = 0 (b)
or t = 0 (c).
D. Bowtie ladder in the BDI symmetry class
Among the four different parameter configurations of
the bowtie ladder Hamiltonian that belong to the BDI
symmetry class (see Fig. 12), the bowtie ladder model
can explore all different types of BDI ladder models,
namely: the SSH model, the balanced BDI model and
the imbalanced BDI model.
i) Bowtie ladder realizing the SSH model
The bowtie ladder collapses into a one-dimensional
dimerized lattice if we set one of the two diagonal cou-
pling amplitudes to zero; that is, t = 0 or t′ = 0. In
both cases the system becomes a chain with just two
alternate couplings (see Fig. 14) and thus the phase φ
becomes redundant and can be neglected, as in a one-
dimensional chain no closed path defining a finite area
can be constructed (apart from the path formed by the
whole system when considering closed boundary condi-
tions). Evaluating the time reversal conditions, Eq. (48)
and Eq. (49), for t = 0 or t′ = 0 we see that the cor-
responding Hamiltonian belongs to the BDI symmetry
class only if δ = 0 or δ = pi, being in the AIII class
otherwise.
These two different ways in which the bowtie ladder
becomes a one-dimensional dimerized lattice are realiza-
tions of the SSH model. They are connected to each
other by applying the unitary transformation σx, which
interchanges aˆ†n with bˆ
†
n and consists of flipping the lad-
der with respect to a central horizontal line (see Fig. 15),
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FIG. 15. SSH model from the canonical ladder. The
SSH model is obtained from the canonical ladder Hamiltonian
by removing one of the two diagonal couplings, that is, taking
t = 0 (a) or t′ = 0 (b), as well as removing all phases in the
tunneling amplitudes. This two possibilities correspond to
different Hamiltonians which, nevertheless, are connected by
applying the unitary σx.
and therefore we only need to consider and analyse one of
them. We choose the case given by setting t′ = 0, whose
Hamiltonian matrix is:
M(k) = (J ± t cos k)σx ± t sin k σy. (58)
The ± options correspond to δ = 0 and δ = pi, respec-
tively. This Hamiltonian matrix is characterized by the
fact that the ellipse in the complex plane has collapsed
into a circumference [see Fig. 16(a)], which is centred at
the point (J, 0) and whose radius is t, so that the system
is in a topologically non-trivial phase if J < t.
ii) Bowtie ladder realizing the balanced BDI
model
In the case in which the three coupling amplitudes
present in the bowtie ladder Hamiltonian are non zero,
there are four different configurations of parameters that
correspond to a Hamiltonian in the BDI symmetry class.
Two with φ = 0 and another two with φ = pi (see Fig. 12).
The Hamiltonian matrices for the first two, with no ef-
fective magnetic flux, are the following:
M(k) = [J ± (t+ t′) cos k] σx ± (t− t′) sin k σy, (59)
where the ± correspond to the cases δ = 0 and δ = pi,
respectively. These Hamiltonian matrices are character-
ized by the fact that the horizontal axis of the corre-
sponding ellipse is always bigger than the vertical one
[see Fig. 16(b)], so that these two configurations of the
bowtie ladder are realizations of the balanced BDI model
(as well as the SSH-like model for a small region in the pa-
rameter space (see Fig. 8). The condition for a non-trivial
topology takes in this case the particular form J < t+ t′.
iii) Bowtie ladder realizing the imbalanced
BDI model
The other two configurations of the bowtie ladder that
realize BDI models, with φ = pi, correspond to the Hamil-
tonian matrices:
M(k) = [J ∓ (t− t′) cos k] σy ± (t+ t′) sin k σx, (60)
where the ∓ correspond to the cases δ = ±pi/2. The el-
lipses described by these Hamiltonian matrices are char-
acterized by a horizontal axis smaller than the vertical
one, considering the horizontal direction the one where
the centre of the ellipse is located [see Fig. 16(c)]. Con-
sequently, these two configurations of the bowtie ladder
realize the imbalanced BDI model, as well as the SSH-
like model in a small region in the parameter space (see
Fig. 8). The condition for a non-trivial topology takes
the form J < |t− t′|.
E. Bowtie ladder in the AIII class
There are two ways in which the bowtie ladder can
break time reversal symmetry and, thus, belong to the
AIII symmetry class. On one hand, by shifting the
momentum-isospin correspondence, what can be done by
adding a phase δ. On the other hand, by adding an ef-
fective magnetic flux per plaquette φ. We analyse each
case separately.
1. Shift in the momentum-isospin correspondence
Any model in the BDI symmetry class with Hamilto-
nian matrix M(k) can be taken to the AIII symmetry
class by adding a shift δ in the momentum-isospin rela-
tion; that is, transforming M(k) into M(k − δ). In the
presence of this phase δ the Hamiltonian matrix has a
different form and breaks time reversal and charge con-
jugation symmetries. The bulk modes differ from those
corresponding to the case in which there is no phase δ,
being characterized by a different momentum-isospin re-
lation.
To show these results, we start by considering a ladder
model in the BDI class, whose Hamiltonian matrix, as
we know from Chapter 6, can be written as:
M(k) = (α+ β cos k)σ1 + γ sin k σ2, (61)
with {σ1, σ2} = 0 and being α, β and γ three real param-
eters. The Bloch eigenstates of these model are given by
Eq. (28) and the corresponding energies are E±(k)∓ρ(k),
with:
ρ2(k) = α2 + γ2 + 2αβ cos k + (β2 − γ2) cos2 k. (62)
If we introduce a shift δ with respect to the momentum,
we obtain a new Hamiltonian matrix, M(k − δ), which
can be decomposed as:
M(k − δ) =
√
β2 cos2 δ + γ2 sin2 δ
(
α cos δ
β
+ cos k
)
σc +√
β2 sin2 δ + γ2 cos2 δ
(
α sin δ
β
+ sin k
)
σs,
(63)
with σc ∝ β cos δ σ1 − γ sin δ σ2 and σs ∝ β sin δ σ1 +
γ cos δ σ2.
Comparing this matrix with the general form of the
Hamiltonian matrix of a ladder model with chiral sym-
metry, Eq. (23), we conclude that it belongs to the BDI
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FIG. 16. Bowtie ladder in the BDI class. The bowtie ladder serves as a canonical ladder model and allows us to explore
and realize all types of topological ladder models. In particular, the three distinct types of BDI ladder models can be achieved
by choosing the appropriate parameters configuration. Taking t′ = 0 and δ = 0 or δ = pi, it realizes the SSH model (a). For
φ = 0 and δ = 0 or δ = pi, it corresponds to the balanced BDI model (b). Finally, for φ = pi and δ = pi/2 or δ = −pi/2, we
obtain a realization of the imbalanced BDI model.
FIG. 17. Shift in the momentum-isospin correspondence. (a) Each ladder model in the BDI class can be generalized
by adding a phase δ. In the presence of a phase δ 6= 0, pi time reversal and charge conjugation symmetries are broken and the
model belongs to the AIII class. In this case the bulk modes exhibit a different momentum-isospin relation. (b) For periodic
boundary conditions and N unit cells a total phase Nδ is acquired by particles when completing a closed path along the whole
system.
symmetry class if and only if:
η =
α sin δ
β
√
β2 sin2 δ + γ2 cos2 δ = 0, (64)
{σc, σs} ∝ (β2 − γ2) sin δ cos δ = 0. (65)
These two conditions are fulfilled simultaneously only if
sin δ = 0, that is: for δ = 0 and δ = pi. The phase
δ that appears in the bowtie ladder parametrization (see
Fi. 11) plays precisely this role, that is, introduces a shift
in the Hamiltonian matrix with respect to the momen-
tum. As a consequence, all ladder models in the BDI
symmetry class come in pairs (δ = δ0, δ = δ0 +pi), whose
corresponding Hamiltonian matrices have the form:
M(k) = (α± β cos k)σ1 ± γ sin k σ2. (66)
They are particular cases of a more general one with a
phase δ = δ0 + δ
′. This more general model belongs to
the BDI class for δ′ = 0, pi, whereas it belongs to the AIII
class otherwise [see Fig. 17(a)].
The Bloch eigenstates for δ′ 6= 0 are:
|k, δ′〉± =
(
aˆ†k bˆ
†
k
) 1√
2
U
(
1
±eiφ(k−δ′)
)
|0〉 . (67)
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The phase δ′ produces a shift in the correspondence be-
tween the momentum and the isospin of each eigenstate,
which are the two quantities that characterize them. As
a consequence, the set of eigenmodes of the Hamiltonian
for δ′ 6= 0 (AIII class) is genuinely different from the set
of eigenmodes of the Hamiltonian for δ′ = 0 (BDI class)
[see Fig. 17(a)].
In this way, introducing a shift in the momentum-
isospin correspondence of a topological ladder Hamilto-
nian is a systematic way of breaking time reversal symme-
try and can be donde in every ladder model. In the case
of the bowtie ladder, when considering periodic boundary
conditions, the phase δ also results in an effective mag-
netic flux Nδ penetrating the ring formed by the whole
system [see Fig. 17(b)].
The bowtie ladder model in the presence of a phase
δ can realize each of the three different types of
AIII ladder models, namely: the circular AIII model
the balanced AIII model and the imbalanced AIII model.
i) Bowtie ladder realizing the circular AIII
model
This case corresponds to the situation in which one of
the two diagonal couplings of the bowtie ladder have been
set to zero, so that the system became a dimerized one-
dimensional lattice (see Fig. 14). Both cases, taking t = 0
or t′ = 0, are connected by applying a global unitary
transformation. Therefore, we can consider only the case
t′ = 0, for which the Hamiltonian matrix is:
M(k) =
[
J + t cos(k − δ)
]
σx + t sin(k − δ)σy. (68)
It describes a circle in the complex plane [see Fig. 18(a)]
and corresponds to two energy bands with a single gap
at momentum q = pi + δ. Therefore, it is a realization of
the circular AIII model. The condition for the system to
be in its topologically non trivial phase is J < t.
ii) Bowtie ladder realizing the balanced AIII
model
In case in which the three different hopping amplitudes
of the model are different from zero and φ = 0, the bowtie
ladder Hamiltonian matrix is:
M(k) =
[
J + (t+ t′) cos(k− δ)
]
σx+ (t− t′) sin(k− δ)σy.
(69)
This Hamiltonian matrix corresponds to an ellipse whose
horizontal axis is bigger than the vertical one [see
Fig. 18(b)] and two energy bands with two gaps of the
same width located at q1 = δ + q and q2 = δ + q with:
q = arccos
[−J(t+ t′)
4tt′
]
. (70)
Therefore, it is a realization of the balanced AIII model.
The condition for a non trivial topology takes in this
case the form J < t+ t′.
iii) Bowtie ladder realizing the imbalanced
AIII model
For an effective magnetic flux φ = pi, the Hamiltonian
matrix is:
M(k) =
[
J−(t− t′) cos(k−δ′)]σy+(t+ t′) sin(k−δ′)σx,
(71)
where δ′ = δ − pi/2. The Hamiltonian matrix ellipse
has then a horizontal axis smaller than the vertical one,
considering the horizontal direction the one where the
centre of the ellipse is located [see Fig. 18(c)]. In con-
sequence, the model has two gaps between the energy
bands, which have different widths and are located at
q1 = δ
′ and q2 = δ′+pi. Thereby, it is a realization of the
imbalanced AIII model. The condition for a non-trivial
topology takes the form J < |t− t′|.
2. Effective magnetic flux per plaquette
We know that if we add a phase δ 6= 0, pi to a particular
bowtie ladder parameter configuration in the BDI class,
we obtain a model in the AIII class. The Hamiltonian
matrix of the new model will be equal to the Hamilto-
nian matrix of the BDI model to which the phase δ has
been added, but with a shift of δ with respect to the
momentum.That is:
Mc(k; δ) = Mc(k − δ; 0). (72)
In consequence, the Hamiltonian matrix curve will re-
main the same, being the momentum that corresponds
to each point in the ellipse the only thing that is differ-
ent. The energy bands are also shifted with respect to
the momentum:
E±(k; δ) = E±(k − δ; 0), (73)
so that the number of energy gaps and their widths are
not affected by the phase δ. However, their location
in momentum space does actually change. In the SSH
model there is a single energy gap at q = 0 or q = pi;
after adding a phase δ to such model we obtain the
circular AIII model, with a single gap at q = δ or
q = pi+δ. Analogously, adding a phase δ to the balanced
BDI model and the imbalanced BDI model turns them
into the balanced AIII model and the imbalanced AIII
model, respectively.
Furthermore, most AIII ladder models can only be re-
alized by adding a phase δ to a BDI ladder model. That
is the case of the circular AIII model and the balanced
AIII model. If an AIII ladder model has a single gap at
q 6= 0, pi, or two gaps of the same width, we can add a
phase δ to them such that we obtain a single gap at q = 0,
for the first case, and two gaps at opposite momenta in
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FIG. 18. Bowtie ladder in the AIII class. The bowtie ladder needs at least one of two ingredients in order to break
time reversal symmetry and realize a model in the AIII class: a phase δ that introduces a shift in the momentum-isospin
correspondence or an effective magnetic flux φ. In the first case, the bowtie ladder realizes the circular AIII model (a), the
balanced AIII model (b) and a particular case of the imbalance AIII model (c), in which the distance between the two energy
gaps is pi. In the second case, for φ 6= 0, pi, the bowtie ladder realizes the most general imbalance AIII model (d), in which the
distance between the two energy gaps is different from pi.
the second case. These new configurations are in the BDI
class, what means that any circular AIII model and any
balanced AIII model can be taken to the BDI class by
adding the appropriate phase δ to them. On the con-
trary, not every imbalanced AIII model can be taken to
the BDI class by shifting the momentum-isospin corre-
spondence, but only those in which the distance between
the two energy gaps is exactly pi, and therefore a phase δ
can be added such that one gap is shifted to q1 = 0 and
the other to q2 = pi.
As a result, we can conclude that a ladder model in
the AIII class in which time reversal symmetry is broken
by the presence of an effective magnetic field, such as
the bowtie ladder with φ 6= 0, pi, is a realization of the
imbalanced AIII model in which the distance between the
two energy gaps is different from pi . All other possible
ladder models in the AIII class, namely: the circular AIII
model, the balanced AIII model and the imbalance AIII
model with a distance of pi between the two energy gaps,
can be taken to the BDI class by adding a phase δ. The
only values that the effective magnetic field can take in
the BDI class are φ = 0 and φ = pi, and the phase δ
does not change the value of the effective magnetic field.
Therefore, φ = 0 or φ = pi for those three types of AIII
ladder models.
The bowtie ladder model with φ 6= 0, pi corresponds
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to the Hamiltonian matrix in Eq. 46, which describes
an ellipse centred at (J cosφ/2, J sinφ/2) and with axes
t+ t′ and |t− t′| [see Fig. 18(d)]. It is a realization of the
imbalanced AIII model and the condition that defines its
topologically non trivial phase is the one in Eq. 57.
VI. Topological Ladder Edge Modes
The topological nature of a ladder model with chiral
symmetry is manifested, for open boundary conditions,
in the existence of topologically protected edge modes.
They are located at the edges of the system, have almost
zero energy and appear when the system is in its topo-
logical phase. Here we first obtain their wave function
and then present their main properties, namely: they
can be localized both in position and momentum spaces,
and their momentum distribution is directly related to
the number and masses of the Wilson fermions described
by the model, as well as to the symmetry class of the
Hamiltonian.
A. Edge modes wave function
In order to derive the wave function of the edge modes
of a topological ladder model, we focus on the bowtie
ladder. As a canonical ladder model, any other ladder
model can be obtained from it by performing a global
unitary transformation. Therefore, once we obtain the
edge modes of the bowtie ladder, it is straightforward
to generalize the result to any ladder model. For it, we
exploit the symmetries of the bowtie ladder model and
also make a zero energy approximation.
1. Inversion-reflection-conjugation symmetry
The bowtie ladder model has an inversion-reflection-
conjugation (IRC) symmetry, which can be used in order
to obtain important information about the wave function
of the edge modes. We consider the bowtie ladder and
define the unitary transformation W as:
W :
{
aˆ†n −→ bˆ†N+1−n
bˆ†n −→ aˆ†N+1−n.
(74)
It is clearly a unitary transformation, as it rearranges the
elements of the position basis. This operation consists of
a reflection of the ladder with respect to a central verti-
cal line and an inversion that interchanges the a and b
modes with each other (see Fig. 19). This unitary trans-
formation modifies the momentum creation operators in
the following way:
aˆ†k =
1√
N
∑
n
eikn aˆ†n
W−−→ e
ik
√
N
∑
n
e−ikn bˆ†n = e
ik bˆ†−k,
(75)
FIG. 19. IRC-symmetry of the bowtie ladder.
Schematic illustration of the unitary operator W , which pro-
duces a reflection and an inversion of the ladder. This trans-
formation together with the complex conjugation leaves the
bowtie ladder Hamiltonian invariant and, thus, represents a
symmetry of the system.
where we have used that eikN = 1. Therefore, the unitary
W takes the following form in the momentum represen-
tation:
W :
{
aˆ†k −→ eik (bˆ†k)∗
bˆ†k −→ eik (aˆ†k)∗.
(76)
Applying this inversion-reflection transformation to the
bowtie ladder Hamiltonian in Eq. (42) is equivalent to
compute its complex conjugated:
WHcW
† =
−
∑
k
ρ(k)
[
eiϕ(k) bˆ†kaˆk + e
−iϕ(k) aˆ†k bˆk
]∗
= H∗c . (77)
Therefore the canonical Hamiltonian is invariant under
the composition of the unitary transformation W and
the anti-unitary transformation K, the complex conju-
gation. Moreover, both transformations commute with
each other (the unitary transformation W consists in a
permutation of the elements of the position basis, so that
it corresponds to a real matrix in such representation
with only 0’s and 1’s as entries), in this way:
(WHcW
†)∗ = WH∗cW
† = Hc. (78)
As a consequence, if a certain vector |e〉 is an eigenstate
of the Hamiltonian with a corresponding energy E the
transformed state W |e〉∗ is also an eigenstate with the
same energy. For non degenerate states, as the edge
modes, this means that the transformed state is propor-
tional to itself. Since the transformation preserves the
norm, the transformed state is equal to itself up to a
phase:
V |e〉∗ = eiω |e〉 . (79)
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The phase ω can be absorbed into the state by redefining
|e〉 = eiω/2 |e〉, and thus we can consider without loss of
generality that:
V |e〉∗ = |e〉 . (80)
Being ψa(n) and ψb(n) the two components of the edge
mode wave function, that is:
|e〉 =
∑
n
(
aˆ†n bˆ
†
n
)(ψa(n)
ψb(n)
)
|0〉 , (81)
the transformed state is:
W |e〉∗ =
∑
n
(
aˆ†n bˆ
†
n
)(ψ∗b (N + 1− n)
ψ∗a(N + 1− n)
)
|0〉 , (82)
and thus the IRC symmetry implies:
ψb(n) = ψ
∗
a(N + 1− n). (83)
As a result the edge state can be expressed in terms of
just one wave function ψ(n) as:
|e〉 = 1√
2
∑
n
(
aˆ†n bˆ
†
n
)( ψ(n)
ψ∗(N + 1− n)
)
|0〉 . (84)
2. Chiral symmetry and edge modes polarization
The presence of chiral symmetry makes all eigenstates
come in pairs of opposite energy, being the two eigen-
states of each pair connected by the chiral operator US .
That is, being the edge mode |e〉 in Eq.(84) an eigenstate
of the bowtie ladder Hamiltonian with some energy E,
then the state US |e〉 is another eigenstate with energy
−E. In the case of the bowtie ladder Hamiltonian the
chiral operator is US = σz, therefore the two edge modes
are:
|e±〉 = 1√
2
∑
n
(
aˆ†n bˆ
†
n
)( ψ(n)
±ψ∗(N + 1− n)
)
|0〉 , (85)
which satisfy: US |e±〉 = |e∓〉.
The edge modes are located at the edges of the system
and the most general wave function ψ(n) can be decom-
pose into two different parts:
ψ(n) = ψl(n) + ψr(n), (86)
being ψl(n) and ψr(n) located at the left and right ends
of the ladder, respectively. In this way, we can decompose
the edge modes in the following way:
|e±〉 = 1
2
(
|l±〉+ |r±〉
)
, (87)
where:
|l±〉 =
∑
n
(
aˆ†n bˆ
†
n
)( ψl(n)
±ψ∗r (N + 1− n)
)
|0〉 , (88)
|r±〉 =
∑
n
(
aˆ†n bˆ
†
n
)( ψr(n)
±ψ∗l (N + 1− n)
)
|0〉 , (89)
so that the edge modes would be made from four different
components: two located at the left end of the ladder,
|l±〉, and another two at the right edge, |r±〉.
On the other hand, apart from being spatially located
at the ends of the ladder, the edge modes are chacterized
by the property of having almost zero energy. Further-
more, we can consider regions in the parameter space in
which the energy of the edge modes is arbitrary close
to zero so that we can make the approximation of zero
energy, which is equivalent to consider the size of the sys-
tem to be infinite compared to the spatial extension of
the edge modes wave packets. In this situation the edge
modes are annihilated by the Hamiltonian: Hc |e±〉 = 0.
However, the Hamiltonian is a local operator, as it con-
nects each site in the ladder with itself and the sites
within the same and the adjacent unit cells. As a conse-
quence, the edge modes can be eigenstates of the Hamil-
tonian with zero energy only if the two components from
which they are formed are also annihilated by the Hamil-
tonian, since they are separated by an arbitrary long dis-
tance. That is:
Hc |e±〉 = 0 =⇒ Hc |l±〉 = Hc |r±〉 = 0, (90)
which would imply that the four states |l+〉, |l−〉 ,|r+〉
and |r−〉 are zero energy eigenstates of the Hamiltonian.
In this situation the two original edge modes of the sys-
tem would split into four different edge modes, what has
no sense. The origin of this contradiction is found in the
assumption that the wavefunction ψ(n) has two compo-
nents located at each edge of the ladder. Therefore, we
conclude that it must be located at one particular edge.
For instance, let us consider the case in which it is local-
ized at the left side of the system. Then, the edge modes
would be written as:
|e±〉 = 1√
2
(
|l〉 ± |r〉
)
, (91)
where |l〉 and |r〉 are states localized at the left and right
edges of the system, respectively:
|l〉 =
∑
n
ψ(n) aˆ†n |0〉 (92)
|r〉 =
∑
n
ψ∗(N + 1− n) bˆ†n |0〉 . (93)
In conclusion, the edge states which are exact eigen-
states of the Hamiltonian, |e±〉, are composed of two edge
states, |l〉 and |r〉, which are localized at a single edge of
the system. In the zero energy approximation, and due
to the local nature of the Hamiltonian, the edge modes
|l〉 and |r〉 can be considered to be also eigenstates of the
system. The presence of chiral symmetry implies that the
two edge exact eigenstates |e±〉 must be transformed by
the chiral operator into each other. This means that the
subspace spanned by the edge eigenstates |e±〉, which
is the same as the one spanned by the two single-edge
modes |l〉 and |r〉, is invariant under the chiral operator.
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FIG. 20. Edge modes polarization. The edge eigenstates
of the Hamiltonian, |e±〉, consist of the symmetric and anti-
symmetric superpositions of the edge states |l〉 and |r〉, which
are localized at the left and right edges of the system. The
isospin state of these two edge states are the ones given by
the eigenvectors of the chiral operator. This correlation be-
tween the isospin of each edge modes and the edge where it
is located is what we call the edge modes polarization. If we
place all eigenstates of the Hamiltonian in the Bloch sphere,
the bulk modes are on the equator and the edge modes are at
the poles; being the equator the circumference formed by the
intersection of the sphere and the plane where the Hamilto-
nian matrix lives, so that the poles correspond to the direction
of the chiral operator US = n3 · σ.
Since the single-edge modes are separated by an arbi-
trary long distance and the chiral operator acts locally,
the only possible situation is that they are eigenstates of
the chiral operator. Let us choose the edge mode at the
left size of the system to be the one corresponding to the
eigenvalue +1 and the one at the right to the eigenvalue
−1, that is:
US |l〉 = |l〉 , (94)
US |r〉 = − |r〉 . (95)
So that the isospin state of each single-edge mode, i.e.
the vector that corresponds to the a − b internal degree
of freedom, corresponds to one of the two orthogonal
eigenvectors of the chiral operator, which stands for a
polarization property of the edge modes (see Fig. 20). In
the case of the bowtie ladder, for which US = σz, this
means that the left edge mode occupies only a-sites in
the ladder, whereas the right edge mode occupies only b-
sites. The edge eigenstates of the Hamiltonian are then
formed as the symmetric and antisymmetric superposi-
tions of the edge modes |l〉 and |r〉, see Eq. 87, and fulfil
the relation US |e±〉 = |e∓〉.
Finally, we could ask ourselves what decides the par-
ticular polarization of the edge modes. That is, when
does the edge mode located at the left end of the system
occupy a-modes and when b-modes? It turns out that
it depends on the two diagonal couplings of the bowtie
ladder. For t > t′ the edge mode at the left occupies
a-modes and the one at the right b-modes, whereas the
polarization is the opposite for t < t′. In the first sit-
uation, when t > t′, we can get arbitrary close to the
limit case t′ = 0. At that point the ladder becomes a
dimerized (a − b) chain, where the left edge is an a-site
and the right edge a b-site. In contrast, for t < t′, the
ladder can be continuously connected to an (b−a) chain,
where the left edge is a b-site and the right one an a-site.
Both situations cannot be continuously connected with-
out a phase transition, as the point t = t′ corresponds
to a trivial topology, for which there are no edge modes
(see Sec.5).
3. Zero energy approximation
A very good approximation of the edge modes wave
function can be obtained by considering them to be zero
energy eigenstates of the Hamiltonian.
We start by separating the bowtie ladder Hamiltonian
for periodic boundary conditions, Hprdc, into two parts:
the bowtie ladder Hamiltonian for open boundary con-
ditions, Hopen, and an edge Hamiltonian, Hedge. That
is:
Hprdc = Hopen +Hedge, (96)
being:
Hedge = −teiδ aˆ†1bˆN − t′eiδ bˆ†1aˆN + H.c. (97)
We consider the edge modes in Eq. (85) and impose that
they are zero energy eigenstates of the Hamiltonian for
open boundary conditions:
Hopen |e±〉 ≈ 0, (98)
so that, in terms of the Hamiltonian for periodic bound-
ary conditions and the edge Hamiltonian, we have:
Hprdc |e±〉 −Hedge |e±〉 ≈ 0. (99)
First, we compute the result of applying the Hamilto-
nian for periodic boundary conditions to the edge modes,
Hprdc |e±〉. For that we write the edge modes in the mo-
mentum representation, which is more convenient inas-
much as the Hamiltonian for periodic boundary condi-
tions is easily written in such basis. Defining the function
F (k) as:
F (k) =
1√
N
N∑
n=1
e−iknψ(n), (100)
the edge modes can be written as:
|e±〉 = 1√
2
∑
k
(
aˆ†k bˆ
†
n
)( F (k)
±e−ik F ∗(k)
)
|0〉 . (101)
The bowtie ladder Hamiltonian for periodic boundary
condition is:
Hprdc = −
∑
k
ρ(k)
(
aˆ†k bˆ
†
n
)( 0 e−iϕ(k)
eiϕ(k) 0
)(
aˆk
bˆk
)
,
(102)
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so that the result of applying it to the edge modes is:
Hprdc |e±〉 =
− 1√
2
∑
k
ρ(k)
(
aˆ†k bˆ
†
n
)(±e−ike−iϕ(k)F ∗(k)
eiϕ(k) F (k)
)
|0〉 .
(103)
Secondly, we compute the result of applying the edge
Hamiltonian to the edge modes, Hedge |e±〉. For that we
need to take into account the polarization of the edge
modes, that is, the edge mode at the left size of the sys-
tem occupies only a-modes, whereas the one at the right
occupies only b-modes. Therefore, only two sites are af-
fected by the edge Hamiltonian, a1 and bN , and we get:
Hedge |e±〉 = − t√
2
[
e−iδ ψ(1) bˆ†N ± eiδ ψ∗(1) aˆ†1
]
|0〉 ,
(104)
which in momentum representation takes the form:
Hedge |e±〉 = t√
2N
∑
k
(
aˆ†k bˆ
†
n
)(±e−ikeiδψ∗(1)
e−iδ ψ(1)
)
|0〉 .
(105)
From (99), (103) and (105) we obtain:
F (k) = − 1√
N
t e−iδ ψ(1)
e−iϕ(k)
ρ(k)
, (106)
and thus the edge modes are easily written in momentum
representation as:
|l〉 = 1√
κ
∑
k
e−iϕ(k)
ρ(k)
aˆ†k |0〉 , (107)
|r〉 = 1√
κ
∑
k
e−ikeiϕ(k)
ρ(k)
bˆ†k |0〉 , (108)
being κ a normalization constant.
B. Edge states general properties
Once we have obtained a quite good approximation for
the edge modes wave functions, Eq. (107) and Eq. (108),
we can derive their more relevant properties. These are:
• The edge states are localized in momentum space at
the positions of the energy gaps between the two energy
bands.
• The edge states are located in position space at the
ends of the ladder.
• The edge states can be simultaneously well localized in
momentum and position spaces.
• The symmetry class of a topological ladder model is
manifested through the edge states momentum distri-
bution.
1. Edge modes in momentum space
The momentum density distribution of the edge
states can be easily obtained from their wave functions,
Eq.(107) and Eq.(108). Both states have the same mo-
mentum density distribution:
〈nˆk〉 = 1
κ ρ2(k)
, (109)
where nˆk = aˆ
†
kaˆk+bˆ
†
k bˆk. Due to the polarization property
of the edge states we know that, in the particular case of
the bowtie ladder, the edge state located at the left end
of the system occupies only a-modes, whereas the one at
the right end occupies only b-modes. Therefore:
〈l| aˆ†kaˆk |l〉 = 〈r| bˆ†k bˆk |r〉 =
1
κ ρ2(k)
(110)
〈r| aˆ†kaˆk |r〉 = 〈l| bˆ†k bˆk |l〉 . (111)
In general, for an arbitrary topological ladder model, the
edge state located at each end of the system occupies
one of the two orthogonal superpositions of a-modes and
b-modes corresponding to each eigenvector of the chiral
operator US . Nevertheless, the momentum distribution
〈nˆk〉, understood as the probability for a particle that
occupies a certain state to be found with the momen-
tum value k, regardless of its isospin, depends only on
the function ρ(k), that is, the energy bands of the sys-
tem. In this way, we only need to analyse Eq. (109) in
order to learn about the properties of the edge states in
momentum space.
The maxima of the momentum density distribution of
the edge modes, 〈nˆk〉, will be located at the minima of
the function ρ(k). Being qj a minimum of ρ(k), which
correspond to the location of an energy gap between the
two bands, we can make a second order expansion of ρ(k)
around that minimum:
ρ(k) ≈ Ej
2
+
(k − qj)2
2mj
, (112)
begin Ej the gap width and mj the mass of the Wilson
fermion associated to that gap, which is given by:
1
mj
=
d2ρ(k)
dk2
∣∣∣∣
k=qj
. (113)
In this way we can approximate the edge states momen-
tum distribution around qj by:
〈nˆk〉 ≈ 4
κE2j
[
1 +
(k − qj
ξj
)2]−2
, (114)
being ξj =
√
mj Ej . As we see, the edge states momen-
tum distribution takes the form of the square of a Cauchy
distribution around each energy gap and, therefore, we
can conclude that the edge states are strongly localized
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in momentum space at the position of the energy gaps of
the system.
The edge states momentum distribution shows a peak
for each energy gap between the two bands, being 4/κE2j
the height of each peak and δkj = 2ξj
√√
2− 1 its cor-
responding FWHM. We can obtain the probability as-
sociated to each peak by making an approximation and
integrating over a continuum momentum
probj ≈
∫ ∞
−∞
dk
4
κE2j
[
1 +
(k − qj
ξj
)2]−2
=
2pi
κ
√
mj
E3j
.
(115)
As a consequence, taking into account the fact that the
energy bands correspond to the distance from the origin
to the points of an ellipse, in case there are two differ-
ent energy gaps between the bands, and thus two differ-
ent peaks in the edge states momentum distribution, the
probability associated to the peak placed at the smallest
energy gap momentum will be larger.
As a result, we can establish a correspondence between
the edge states present in a topological ladder model and
the Wilson fermions described by such model, according
to which:
• The number of Wilson fermions is equal to the num-
ber of momentum components that constitute the edge
modes.
• The momenta at which the Wilson fermions arise cor-
respond to the location of the edge modes momentum
components.
• The masses of the Wilson fermions correspond to
the relative weights of the edge modes momentum
components, in such a way that:
(i) If two Wilson fermions have the same masses,
the corresponding momentum components con-
tribute equally to the edge modes.
(ii) If two Wilson fermions have different masses,
the momentum peak associated to the lightest
fermion is better defined, so that its correspond-
ing component is predominant in the edge states
wave function.
2. Edge modes in position space
In the case of the position space, each edge sate shows
a different density distribution. However, they are not
independent from each other, as the wave function of the
edge state |r〉 can be obtained by complex conjugating
and reflecting the wave function of the edge state |l〉, see
Eq. (92) and Eq. (93). We have:
〈l| nˆx |l〉 = |ψ(x)|2 (116)
〈r| nˆx |r〉 = |ψ(N + 1− x)|2, (117)
FIG. 21. Function ϕ(k) around the momentum of an
energy gap. For a momentum k close to qj , being qj the
location of an energy gap between the two bands can be writ-
ten as ϕ(qj) plus some variation δϕj , which can be computed
in terms of ρ(k) and ρ(qj) (see text).
being nˆx = aˆ
†
xaˆx + bˆ
†
xbˆx the particle number operator at
position x, regardless of the isospin state. In the same
way that occurs in momentum space, in position space
the two edge states occupy different orthogonal isospin
states, given by the chiral operator. Nevertheless, the
position density distributions in Eq. (116) and Eq. (117)
are valid for any ladder model.
We first consider the edge state located at the left side
of the system, Eq. (107). As we already know, it is mostly
located in momentum space around the energy gap mo-
menta and, therefore, we can decompose such edge mode
in several momentum components. For that, we need to
make an expansion of the function e−iϕ(k) around qj , be-
ing qj a minimum of ρ(k). The value of ϕ(k), for k close
to qj , will be equal to ϕ(qj) plus some phase δϕj , and
thus:
e−iϕ(k) = e−i[ϕ(qj)+δϕj ] = e−iϕ(qj)(cos δϕj − i sin δϕj)
(118)
From Fig. 21 we can compute first and second order
approximations for the sine and cosine of the variation
of ϕ(k) with respect to ϕ(qj). Taking into account that
ρ(qj) = Ej/2 and using the second order expansion of
ρ(k) around qj in Eq. (112) we obtain:
cos δϕj ≈ 1−
(
k − qj
ξj
)2
(119)
sin δϕj ≈
√
2
(
k − qj
ξj
)
(120)
By using this expansion of ϕ(k) at each energy gap
momentum we can write the edge mode |l〉 as a sum of
different momentum components:
|l〉 =
∑
j
|lj〉 , (121)
running j over the number of energy gaps of the system
and being:
|lj〉 ≈ 2e
−iϕ(qj)
√
κ
∑
k
1−
(
k−qj
ξj
)2
− i√2
(
k−qj
ξj
)
Ej +
(
k−qj
ξj
)2 aˆ†k |0〉 .
(122)
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We compute the inverse Fourier transform of this mo-
mentum wave function and thus obtain the component
|lj〉 in the position representation:
|lj〉 ≈
√
2(
√
2− 1)√
κ
√
mj
Ej
e−iϕ(qj)
∑
n
eiqjn e−ξjn aˆ†n |0〉 .
(123)
As we see, the spatial wave function consists of two fac-
tors: eiqjn, which means that the momentum distribution
is centred at the value qj , as we already new, and e
−ξjn,
which is a decaying exponential whose maximum value
corresponds to the position n = 1. The spatial density
distribution of such state is then:
〈lj | nˆx |lj〉 ≈ 2(3− 2
√
2)
κ
mj
Ej
e−2ξjn, (124)
Analogously, the edge mode |r〉 can also be decomposed
in different momentum modes:
|r〉 =
∑
j
|rj〉 , (125)
being:
|rj〉 ≈
√
2(
√
2− 1)√
κ
√
mj
Ej
eiϕ(qj) e−iqj(N+1)∑
n
eiqjn e−ξj(N+1−n) bˆ†n |0〉 , (126)
since we know that the spatial wave function of |r〉 can be
obtained by complex conjugating and reflecting the wave
function of |l〉, see Eq. (92) and Eq. (93). The spatial
density distribution of the component |rj〉 is then:
〈rj | nˆx |rj〉 ≈ 2(3− 2
√
2)
κ
mj
Ej
e−2ξj(N+1−n). (127)
In this way, we conclude that the edge states |l〉 and |r〉
are localized at the left and right edges of the system,
decaying their spatial density distribution exponentially
towards the bulk. Each edge mode component |lj〉 and
|rj〉 has a FWHM of δxj = log 2/(2ξj).
3. Simultaneous momentum-position localization
From the approximated momentum and spatial density
distributions of the edge states, Eq. (114), Eq. (124) and
Eq. (127), and their corresponding localization lengths,
δkj = 2ξj
√√
2− 1 and δxj = log 2/(2ξj), we know that
the larger an energy gap is, the better defined the posi-
tion of the corresponding edge states component is and
the worse defined its momentum is. However, there is
a region in the parameter space for which both the mo-
mentum and the position of the edge modes can be si-
multaneously well defined.
4. Symmetry class correspondence
There exists a relation between the symmetry class of
the Hamiltonian and the momentum of the symmetry
protected edge modes that the system exhibits when it
is found to be in its topologically non-trivial phase.
In this context, if a Hamiltonian H presents timer re-
versal symmetry there is a global unitary transformation
UT such that:
UT H U
†
T = H. (128)
Therefore, if a certain state |e〉 is an eigenstate of the
Hamiltonian with some energy E, then the transformed
state UT |e〉∗ is also an eigenstate of the Hamiltonian with
the same energy. In case of a non degenerate state, as the
edge states, this means that this transformation leaves
the state invariant up to a phase, which can be absorbed
in the unitary operator UT . That is:
UT |e〉∗ = |e〉 , (129)
and consequently, opposite momentum modes are on av-
erage equally occupied:
〈e| nˆk |e〉 =〈e∗| nˆ−k |e∗〉 =
〈e∗|U†T nˆ−k UT |e∗〉 = 〈e| nˆ−k |e〉. (130)
As a result, the momentum density distribution of the
edge modes of a time reversal symmetric Hamiltonian is
an even function of the momentum and, thus, such states
have a zero average momentum. In this way, there is a
correspondence between the symmetry class of a topo-
logical ladder model and the momentum distribution of
the edge modes that such model exhibits. The BDI
class is characterized by edge modes with a symmetric
momentum distribution, and thus with a zero average
momentum, whereas the AIII class corresponds to edge
modes with an asymmetric momentum distribution, or a
nonzero average momentum.
C. 6 types of topological edge modes
To conclude this chapter, we know that the edge states
of a topological ladder model are determined by the two
functions ρ(k) and ϕ(k), which are given by the Hamil-
tonian matrix curve, as well as by the chiral operator
US . The exact edge eigenstates of a topological ladder
Hamiltonian are |e±〉 = (|l〉 ± |r〉)/
√
2, being:
|l〉 = 1√
κ
∑
k
e−iϕ(k)
ρ(k)
ψˆ†k uˆ+ |0〉 , (131)
|r〉 = 1√
κ
∑
k
e−ikeiϕ(k)
ρ(k)
ψˆ†k uˆ− |0〉 , (132)
where uˆ± are the eigenvectors of the chiral operator with
eigenvalues ±1, expressed using the basis formed by the
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FIG. 22. Edge states in the BDI class. In this figure we show the Hamiltonian matrix curve, the energy bands, and the
edges states momentum and position density distributions for each of the three different types of topological ladder models
in the BDI class, namely: (a) the SSH model, (b) the balanced BDI model, and (c) the imbalanced BDI model. Each of
them is characterized by the edge states momentum density distribution, which is related to the number and masses of the
Wilson fermions described by the model. In this way, the edge states momentum density distribution shows a single peak at
momentum 0 or pi for the SSH model, two peaks of the same height located at opposite momenta for the balanced BDI model,
and two peaks of different height located at momenta 0 and pi for the imbalanced BDI model. The momentum and position
density distributions we show here have been obtained by exact numerical diagonalization of the bowtie ladder Hamiltonian
for parameters: J = 0.875, t = 1, t′ = 0, δ = pi and φ = 0 (SSH model); J = 0.95, t = 1, t′ = 0.75, δ = 0 and φ = 0 (balanced
BDI model); and J = 0.25, t = 1, t′ = 0.55, δ = pi/2 and φ = pi (imbalanced BDI model).
eigenvectors of σz, so that for US = σz we have that
ψˆ†k uˆ+ = aˆ
†
k and ψˆ
†
k uˆ− = bˆ
†
k.
The states |l〉 and |r〉 are localized at the left and right
edges of the ladder, respectively, decaying their spatial
density distributions exponentially towards the bulk.
Their spatial localization depends on the quantities ξj ,
defined for each energy gap, but does not take into
account the locations of the gaps. In consequence, we
cannot tell any significant difference between the BDI
class and the AIII class or between different types of
ladder models, when we look at the edge states spatial
density distribution. In contrast, it is through their
momentum distribution how both symmetry classes can
be distinguished, as well as different types of ladder
models. The edge states are localized in momentum
space at the positions of the energy gaps, being the rel-
ative weight of each momentum component determined
by the corresponding gap width and the mass of the
associated Wilson fermion. In this way, each of the six
different types of topological ladder models corresponds
to a distinct type of edge states, characterized by their
momentum density distribution.
There are three different types of edge modes that can
exist in a BDI topological ladder, corresponding each to
a different way of obtaining a symmetric momentum den-
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FIG. 23. Edge states in the AIII class.In this figure we show the Hamiltonian matrix curve, the energy bands, and the
edges states momentum and position density distributions for each of the three different types of topological ladder models in
the AIII class, namely: (a) the circular AIII model, (b) the balanced AIII model, and (c) the imbalanced model. Each of them
is characterized by the edge states momentum density distribution, which is related to the number and masses of the Wilson
fermions described by the model. In this way, the edge states momentum density distribution shows a single peak at any
momentum different from 0 and pi for the cricular AIII model, two peaks of the same height located at not opposite momenta
for the balanced AIII model, and two peaks of different height located at any momenta, excluding the situation in which
one is located at momentum 0 and the other at momentum pi, for the imbalanced AIII model. The momentum and position
density distributions we show here have been obtained by exact numerical diagonalization of the bowtie ladder Hamiltonian
for parameters: J = 0.875, t = 1, t′ = 0, δ = −2pi/3 and φ = 0 (circular AIII model); J = 0.9, t = 1, t′ = 0.8, δ = −2Π/3 and
φ = 0 (balanced AIII model); and J = 0.5, t = 1.5, t′ = 0.8, δ = 0 and φ = 5pi/8 (imbalanced AIII model).
sity distribution, imposed by the presence of chiral sym-
metry. The SSH model has edge states with a single mo-
mentum component, which is located at q = 0 or q = pi,
the only two possibilities for a zero average momentum
[see Fig. 22(a)]. The balanced BDI model has edge states
of two equally weighted momentum components, there-
fore they are located at opposite momenta so that the
average momentum is zero [see Fig. 22(b)]. Finally, the
imbalanced BDI model has edge states with two differ-
ently weighted momentum components. The presence of
time reversal symmetry makes them be located at q1 = 0
and q2 = pi [see Fig. 22(c)].
In the AIII symmetry class there are three distinct
types of edge states, one for each type of AIII ladder
model. The circular AIII model has edge states with
just one momentum component, located at momentum
q 6= 0, pi, so that time reversal symmetry is broken
[see Fig. 23(a)]. The balanced AIII model has edge
states with two equally weighted components, located
at not opposite momenta, so that their average mo-
mentum is different from zero [see Fig. 23(b)]. At last,
the imbalanced AIII model has edge states with two
components of different weights, which can be located
at any momentum values, excluding the case in which
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FIG. 24. Connection between BDI and AIII ladder
models. Adding a phase δ to ladder models in the BDI
class, makes the model enter the AIII class and affects the
edge states by shifting their momentum density distribution.
In this way, the SSH model (a), the balanced BDI model
(b) and the imbalanced BDI model (c) are connected in a
one-to-one correspondence to the circular AIII model (d), the
balanced AIII model (e) and a particular case of the imbal-
anced AIII model (f), respectively. The most general imbal-
anced AIII model, in which the edge states show a momentum
distribution with two peaks separated by a distance differ-
ent from pi, has no correspondence in the BDI class and is
realized by ladder configurations with an effective magnetic
flux. Here we show the edge states momentum density distri-
butions for different parameter configurations of the bowtie
ladder Hamiltonian, corresponding each to one of the cases
mentioned above. This parameters configurations are: (a)
J = 0.875, t = 1, t′ = 0, δ = pi and φ = 0; (b) J = 0.9, t = 1,
t′ = 0.8, δ = pi and φ = 0; (c) J = 0.2, t = 1, t′ = 0.55,
δ = pi/2 and φ = pi; (d) J = 0.875, t = 1, t′ = 0, δ = −2pi/3
and φ = 0; (e) J = 0.9, t = 1, t′ = 0.8, δ = −5pi/8 and
φ = 0; and (f) J = 0.2, t = 1, t′ = 0.55, δ = 0 and φ = pi.
All momentum density distributions have been obtained by
exact numerical diagonalization of the Hamiltonian.
one component has momentum 0 and the other pi [see
Fig. 23(c)].
In Sec 5 we analysed how the bowtie ladder Hamil-
tonian can break time reversal symmetry and, thus, en-
ter the AIII class. We concluded that the model needs
at least one of the following two ingredients: a shift in
the momentum-isospin correspondence introduced by the
presence of a phase δ, and an effective magnetic flux φ.
Furthermore, we know what type of AIII ladder models
are obtained after adding a phase δ or an effective mag-
netic flux φ to each of the three types of BDI ladder mod-
els. That is, adding a phase δ to the SSH model, the bal-
anced BDI model and the imbalanced BDI model results
into the circular AIII model, the balanced AIII model
and the imbalanced AIII model, respectively. However,
the imbalanced AIII model that can be achieved by this
means is just a particular case, in which the distance in
momentum space between the two energy gaps remains
constant and equal to pi. The most general imbalanced
AIII model corresponds to the case in which there is an
effective magnetic flux φ penetrating the ladder.
This correspondence between BDI and AIII ladder
models is quite evident when we look at the edge states.
Introducing a shift in the momentum-isospin correspon-
dence in a ladder model means changing the Hamiltonian
matrix M(k) into M(k−δ). Therefore, the two functions
ρ(k) and ϕ(k) are transformed into ρ(k−δ) and ϕ(k−δ).
By looking at the edge states in the momentum repre-
sentation, Eq. (131) and Eq. (132), we can easily deduce
that their momentum density distributions will be also
shifted. That is:
〈nˆk〉δ = 〈nˆk−δ〉δ=0. (133)
In Fig. 24 we show the relation between the edge states
of the three types of BDI ladder models and the edge
states of the three types of AIII ladder models.
In addition, we show in Fig. 25 how the edge states
momentum distribution depends on the value of an ef-
fective magnetic flux φ. For φ = 0, the edge states show
two equally weighted peaks in their momentum density
distribution located at opposite momenta. This configu-
ration corresponds to the balanced BDI model. For a non
zero effective magnetic flux, the relative weight of each
momentum component changes, as well as their location
in momentum space. In this case the system realizes the
imbalanced AIII model. For φ = ±pi, the distance be-
tween the two momentum peaks is exactly pi, and there-
fore there model could be brought to the BDI class by
introducing a phase δ = ±pi/2 that would shift the mo-
mentum peaks to q1 = 0 and q2 = pi. That situation
would correspond to the imbalance BDI model.
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FIG. 25. Edge states under an effective magnetic flux. (a) Momentum density distribution of the edge states of the
bowtie ladder Hamiltonian with parameters J = 0.5, t = 1.5, t′ = 0.8 and δ = 0, as a function of the effective magnetic flux φ.
(b) Edge states momentum density distribution and (c) energy bands of the bowtie ladder Hamiltonian for the same parameter
configurations and (i) φ = 3pi/4, (ii) φ = 0, and (iii) φ = −3pi/4. The edge states momentum density distributions have been
obtained by exact numerical diagonalization of the bowtie ladder Hamiltonian.
VII. Ladder geometries
Here we present all ladder geometries that realize a
model for a topological insulator. For that, we first con-
sider the most general ladder model and impose the time
reversal and chiral symmetry conditions. After that, we
obtain all possible parameter configurations that corre-
spond to a topological model. Each of them will lead to
a different ladder geometry. Finally, we analyse a couple
of ladder models that we consider to be more relevant.
A. General ladder and symmetry conditions
We consider the most general ladder geometry, which
contains two horizontal tunneling amplitudes, one for
each leg of the ladder, two diagonal tunneling ampli-
tudes, one vertical tunneling amplitude that connects the
two sites in the same lattice cell, and two on-site energy
terms. All these parameters are contained in the matri-
ces C and T , being the most general ladder Hamiltonian
written in terms of these matrices as in Eq. (8). Our pur-
pose is to obtain all different ladder architectures that
realize a model for a topological insulator. Therefore, we
look for ladder geometries that fulfil the two chiral sym-
metry conditions: Eq. (13) and Eq. (14). According to
the first one, the Hamiltonian matrix must have no com-
ponent proportional to the identity. This implies that
the two on-site energy terms and the two horizontal cou-
plings, one for each leg of the ladder, must be opposite to
each other. Therefore, the matrices C and T for the most
general ladder model that satisfies the first condition for
chiral symmetry are:
C =
  Jeiθ
Je−iθ −
 , T = eiδ
 J ′ tei(φ1+θ)
t′ei(φ2−θ) −J ′
 .
(134)
Where  is a real parameter that corresponds to the on-
site energies, J , J ′, t and t′ are real parameters that
correspond to the vertical, horizontal and diagonal cou-
pling amplitudes and θ, δ, φ1 and φ2 are real parameters
that correspond to the four independent phases in the
coupling terms [see Fig. 26(a)].
We have chosen a parametrization of the phases which,
without loss of generality, is convenient in order to make
a physical interpretation of them, as we show in the fol-
lowing.
The Hamiltonian can be written in momentum repre-
sentation as:
H = −
∑
k
ψ†k Rz(θ)M(k)R
†
z(θ)ψk, (135)
where Rz(θ) = e
iθσz/2 is a rotation of an angle θ around
the z-axis and:
M(k) =
+ 2J cos(k − δ) z∗(k − δ)
z(k − δ) −− 2J cos(k − δ)
 ,
(136)
being z(k) = J + tei(k−φ1) + t′e−i(k−φ2). From the form
of this Hamiltonian matrix we can distinguish three kind
of phases in the ladder parameters:
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FIG. 26. General topological ladder model. (a)
Schematic illustration of the most general ladder model that
can exhibit chiral symmetry. The phases of the tunneling am-
plitudes are parametrized, without loss of generality, so that
they have a direct physical interpretation. The phase θ pro-
duces a general rotation on the Hamiltonian matrix and is
irrelevant. The phase δ changes the correspondence between
the momentum and the isospin associated to each eigenstate,
as well as leads to a phase Nδ hat particles pick up every
time they complete a closed path along the whole system
when there are periodic boundary conditions (b). Finally,
the two phases φ1 and φ2 are related to the different effective
magnetic fluxes that the ladder can exhibit (c), (d), (e) and
(f).
• Effective magnetic fluxes φ1 and φ2
The two parameters φ1 and φ2 determine the total
phase accumulated by a particle completing a closed
path in the ladder and, thus, they can be identified
as effective magnetic fluxes penetrating the ladder.
All closed paths that can be defined in the ladder are
obtained as a combination of four elementary paths
[see Fig. 26(c), (d), (e) and (f)]. These phases φ1 and
φ2 affect the symmetries of the Hamiltonian and the
properties of the edge states.
• Shift δ in the momentum-isospin correspondence.
The phase δ produces a shift in the Hamiltonian matrix
with respect to the momentum, Eq. (136), so that it
introduces a shift in the correspondence between the
momentum of each eigenstate and its associated vector
in the Bloch sphere, which makes them be genuinely
different from those eigenstates corresponding to the
case in which there is no phase δ. This phase is a
generalization of the the phase δ that appears in the
bowtie ladder.
• Irrelevant phase θ.
The phase θ produces a rotation around the z-axis,
Eq. (135), which is a global unitary operation and does
not affect the symmetries of the system. Therefore we
neglect this phase for simplicity and each model we
study includes all possible rotations around the z-axis
by adding the phase θ as shown in Fig. 26(a).
This analysis of the phases present in the most general
topological ladder Hamiltonian is analogous to the one
we did for the bowtie ladder in Chapter 8: one phase can
be removed by applying a global unitary transformation
and, thus, it can be neglected; another one produces a
shift in the isospin-quasimomentum relation; and the rest
correspond to effective magnetic fluxes penetrating the
ladder. In fact, the bowtie ladder parametrized as in
Fig. 11 corresponds to the particular case of the general
ladder in Fig. 26 in which  = 0, J ′ = 0, θ = −φ/2,
φ1 = φ/2 and φ2 = −φ/2.
Our purpose is to find all parameter configurations
that correspond to a topological model in the BDI
class or in the AIII class. For that, we decom-
pose the Hamiltonian matrix in Eq. (136) as M(k) =
(n0 + nc cos k + ns sin k) · σ, being:
n0 = J xˆ+  zˆ
nc = (t c1 + t
′c2) xˆ− (t s1 − t′s2) yˆ + 2J ′ cos δ zˆ
ns = (t s1 + t
′s2) xˆ+ (t c1 − t′c2) yˆ + 2J ′ sin δ zˆ, (137)
where ci = cos(φi + δ) and si = sin(φi + δ). In order for
the Hamiltonian to be chiral symmetric, the three vectors
n0, nc and ns must be linear dependent, Eq. (14), which
means that the determinant of the matrix formed by their
components must be zero. Imposing this requirement we
obtain the condition for chiral symmetry in terms of the
ladder parameters:

(
t2 − t′2)− 2JJ ′ (t cosφ1 − t′ cosφ2) = 0. (138)
The conditions for time reversal symmetry are nc ·ns = 0
and n0 ·ns = 0, Eq. (17) and Eq. (18). Imposing them we
obtain the conditions that the parameters of the model
must fulfil for it to have time reversal symmetry:
2J ′ sin δ + Jt sin(δ + φ1) + Jt′ sin(δ + φ2) = 0 (139)
2tt′ sin(2δ + φ1 + φ2) + 2J ′2 sin 2δ = 0. (140)
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B. Finding all topological ladder configurations
1. Imposing chiral symetry
In order to obtain all ladder geometries realizing a
model for a topological insulator we first remark on two
ingredients which are needed for a ladder geometry to be
chiral symmetric:
1. Opposite horizontal couplings.
The chiral symmetry implies that the Hamiltonian ma-
trix has no component proportional to the identity.
As a consequence, the two horizontal tunneling am-
plitudes must have the same modulus and opposite
sing. That is, either both terms appear in the ladder
configuration or none of them does.
2. Non-vanishing diagonal couplings.
If a model has no diagonal couplings, that is t =
t′ = 0, the condition for chiral symmetry (138) is
fulfilled independently of the rest of the parameters.
However, such a model will always be in a trivial
phase. To see this we consider the most general lad-
der model with no diagonal couplings, see Fig. 27,
whose corresponding Hamiltonian matrix is: M(k) =
[+ 2J ′ cos(k − δ)] σz + J σx. There is no component
with sin k and therefore the curve described in the
complex plane is a line, whose winding number is 0.
FIG. 27. Square ladder. Schematic illustration of the most
general ladder model with no diagonal couplings. Despite of
being chiral symmetric, it is always in a trivial phase.
In this way, when looking for topological ladder models
we have to discard all configurations with only one
horizontal coupling and consider only those with at
least one diagonal coupling. To find them we first
consider those models with just one diagonal coupling
and secondly those with two.
i) Models with one diagonal coupling.
• Models with J = 0 or J ′ = 0.
First we consider ladder geometries with just two cou-
plings, being one of them diagonal. In this situation
the chiral symmetry condition, Eq. (138), implies that
 = 0, so that there are no on-site energy terms in the
Hamiltonian. This case includes four ladder geometries
(see Fig. 28).
• Models with vertical and horizontal couplings J and J ′.
FIG. 28. Ladder geometries with chiral symmetry (i).
Topological ladder geometries with one diagonal coupling and
no on-site energy.
In this situation the condition for chiral symmetry,
Eq. (138), constitutes a constraint to the on-site energy
 = (2JJ ′/t) cosφ, where t is the diagonal coupling in
the model and φ can be φ1 or φ2. This case includes
two ladder geometries (see Fig. 29).
ii) Models with two diagonal couplings.
• Models with J = 0 or J ′ = 0.
In this case the second term in the chiral condition,
Eq. (138), vanishes and therefore (t2 − t′2) = 0, so
that  = 0 or t = t′. Then, there are two configura-
tions for each ladder geometry in this situation: one
with no on-site energy and two independent diagonal
couplings and another one with on-site energy and two
diagonal couplings of the same amplitude. There are
three ladder geometries of this kind. One with just the
two diagonal couplings [Fig. 30(a)], another having, in
addition, the vertical tunneling J [Fig. 30(b)], and fi-
nally the one with the horizontal coupling J ′ [Fig. 30(c)
and (d)]. The first two correspond to a trivial model
when the two diagonal couplings are the same, which
means that the only possibility is having  = 0 and
t 6= t′. The last case, in contrast, corresponds to a
topological model in both situations. In this way we
obtain four different ladder models.
• Models with vertical and horizontal couplings J and J ′.
In this case we can distinguish two situations:
1. If the two diagonal couplings are the same, t = t′,
the first term in the chiral condition, Eq. (138),
vanishes and, thus, the on-site energy can take
any value. The chiral condition is then fulfilled if
FIG. 29. Ladder geometries with chiral symmetry (ii).
Topological ladder geometries with one diagonal coupling and
constrained on-site energy.
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FIG. 30. Ladder geometries with chiral symmetry (iii).
Topological ladder geometries with two diagonal terms and
J = 0 or J ′ = 0.
cosφ1 = cosφ2. This gives us two models, one with
φ1 = φ2 and another with φ1 = −φ2. However, the
second possibility corresponds to a trivial topology
so there is only one model with this configuration
[Fig. 31(a)].
2. If the two diagonal couplings are different, t 6= t′,
the chiral condition implies a constraint to the on-
site energy  = 2JJ ′ (t cosφ1 − t′ cosφ2) /(t2 − t′2).
This corresponds to the last model [Fig. 31(b)].
In this way we have obtained twelve topological ladder
geometries, Fig. 28, Fig. 29, Fig. 30 and Fig. 31. How-
ever, some of them correspond to a Hamiltonian matrix
of the form: M(k) = β cos k σc + γ sin k σs, which means
that they are always in a topological phase and have no
phase transition, as the curve described by the Hamil-
tonian matrix is an ellipse centred at the origin whose
winding number is always 1. This special behaviour oc-
curs because they are the particular case in which J = 0
of a more general geometry. Therefore, we do not need
to consider them. These ladder geometries are the ones
in Fig.28(c) and (d), Fig. 30(a) and Fig.30(c), which
are particular cases of the models in Fig.29(a) and (b),
Fig. 30(b) and Fig.31(b), respectively.
2. Imposing time reversal symmetry
In order to find all ladder models in the BDI class and
in the AIII class we need to impose the two time rever-
sal symmetry conditions, Eq. (139) and Eq. (140), to the
topological ladder geometries we have obtained before-
hand. When they are fulfilled we have a realization of
the BDI class, whereas it corresponds to the AIII class
FIG. 31. Ladder geometries with chiral symmetry (iv).
Topological ladder geometries with two diagonal terms plus
both vertical and horizontal couplings.
otherwise. By inspecting those conditions we see that
they are trivially fulfilled if all phases vanish, which is
obvious as this case corresponds to a real Hamiltonian.
Nevertheless, there are other solutions to the time re-
versal symmetry conditions that correspond to complex
Hamiltonians. In order to obtain them, we have to eval-
uate the time reversal symmetry conditions for each par-
ticular geometry and find the values of δ, φ1 and φ2 for
which they are satisfied.
As an example, we consider the ladder geometry in
Fig. 30(b). The two time reversal symmetry conditions
for this particular case are:
J(t+ t′) sin δ cos
φ
2
+ J(t− t′) cos δ sin φ
2
= 0 (141)
4tt′ sin δ cos δ = 0, (142)
being φ the only effective magnetic flux in this ladder.
The solutions to these equations are: φ = 0, δ = 0, pi
or φ = pi, δ = ±pi/2, which correspond to four differ-
ent BDI models with this particular ladder geometry [see
Fig. 32(c)].
Analogously, the time reversal symmetry conditions
can be easily analysed for all other ladder geometries. As
a result, we present in Fig. 32 all ladder models with chi-
ral symmetry and detail the parameter configurations for
which they belong to the BDI class and to the AIII class.
As we see, all parameter configurations that correspond
to a model in the BDI class come in pairs, corresponding
the two configurations within each pair to two different
values of the phase δ that differ in pi. The reason for that
is that any BDI model can be generalized by introducing
a shift in the momentum-isospin correspondece, which
makes the model break time reversal symmetry and
enter the AIII class. Only when such shift is equal to 0
or pi the model is still in the BDI class. We explain this
in detail in Sec. V for the bowtie ladder Hamiltonian,
however, the analysis can be applied to any ladder model.
Among the eight different topological ladder models
we present in Fig. 32, the first two, (a) and (b), consist
of a one-dimensional dimerized lattice. The third ladder
model, (e), is actually the bowtie ladder, which we have
studied in Sec. V . Furthermore, we know that it serves
as a canonical ladder model, as the bowtie ladder Hamil-
tonian is the most general ladder Hamiltonian we can
imagine up to a global unitary transformation. There-
fore, all other ladder models in Fig. 32 can be obtain
from the bowtie ladder by performing the appropriate
rotation.
Nevertheless, we highlight and show in more detail two
particular ladder geometries, (f) and (g), and indicate
how to connect them to the canonical ladder. Models
(c), (d) and (h) have a constraint in their on-site energy
, which has to take a very particular value that depends
on all other parameters, including the effective magnetic
fluxes. The moment the on-site energy  has not the ap-
propriate value, chiral symmetry is broken and the model
would not be even topological. This would imply a diffi-
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FIG. 32. Topological ladder models. Here we show all topological ladder models. For each of them, we specify in a table
which parameter configurations correspond to a model in the BDI symmetry class and which to a model in the AIII symmetry
class. Ladder models (a) and (b) are in fact one-dimensional dimerized lattice models, which can only realize the SSH model
and the circular AIII model. The rest of the ladder models preset in this figure can access all types of topological ladder models.
In ladder models (e), the bowtie ladder, and (h), one of the diagonal couplings is represented with a thicker line. This indicates
that the two diagonal tunneling amplitudes must have different values, otherwise the model would be topologically trivial. A
double circle in every site indicates the presence of an on-site energy term in the Hamiltonian. The chiral symmetry condition
imposes a constraint to the on-site energy in ladder models (c) and (d), for which  = (2JJ ′/t) cosφ, and in model (h), for
which  = 2JJ ′(t cosφ1 − t′ cosφ2)/(t2 − t′2).
culty from an experimental point of view, and therefore
we consider these particular ladder geometries of less in-
terest.
C. The hourglass ladder
As the first remarkable example of a topological lad-
der model different from the bowtie ladder, we consider
ladder (a) in Fig. 33, which we call the hourglass ladder
and whose Hamiltonian is:
Hhg =
−
∑
n
 (aˆ†naˆn − bˆ†nbˆn) +
[
J ′eiδ (aˆ†n+1aˆn − bˆ†n+1bˆn)+
t ei(δ+φ/2) (aˆ†n+1bˆn − bˆ†n+1aˆn) + h.c.
]
. (143)
By changing to the momentum representation we obtain
the corresponding Hamiltonian matrix, which is:
Mhg(k) = [+ 2J
′ cos(k − δ)] σz + 2t sin(k− δ−φ/2)σy.
(144)
As we can see, the Hamiltonian matrix lives on the yz-
plane, so that it can be connected to the bowtie ladder
Hamiltonian matrix by performing a rotation around the
x axis (see Fig. 33). That is:
HDM(k)H
†
D =
(
0 w∗(k)
w(k) 0
)
, (145)
where HD = (σx+σz)/2 is the Hadamard transformation
and:
w(k) = + 2J ′ cos(k − δ)− i 2t sin(k − δ − φ/2). (146)
Now that the Hamiltonian matrix has the canonical form,
in which only the off-diagonal terms are different from
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FIG. 33. The hourglass ladder. Schematic illustration
of the hourglass ladder. Its Hamiltonian matrix lives on the
yz-plane and is connected to the bowtie ladder Hamiltonian
matrix by applying the unitary HD = (σx + σz)/
√
2.
zero, it can be directly related to the canonical ladder
Hamiltonian matrix, which is:
Mc(k) =
(
0 z∗(k)
z(k) 0
)
, (147)
with:
z(k) = Jc + tce
i(k−δc−φc/2) + t′ce
−i(k−δc+φc/2). (148)
Both models are identified by taking w(k) = z(k), what
establishes a relation between the parameters of the first
model, , J ′, t, φ and δ, and the ones of the canonical
ladder: Jc, tc, t
′
c, φc and δc.
D. The box ladder
Another remarkable topological ladder model is ladder
(a) in Fig. 34 which we call the box ladder and whose
Hamiltonian is:
Hbox =
−
∑
n
 (aˆ†naˆn − bˆ†nbˆn) +
[
J ′eiδ (aˆ†n+1aˆn − bˆ†n+1bˆn)+
t ei(δ+φ) (aˆ†n+1bˆn + bˆ
†
n+1aˆn) + J aˆ
†
nbˆn + h.c.
]
. (149)
The corresponding Hamiltonian matrix is:
Mbox(k) = [+ 2J
′ cos(k − δ)] σz+
[J + 2t cos(k − δ − φ)] σx. (150)
FIG. 34. The box ladder model. Schematic illustration of
the box ladder. Its Hamiltonian matrix lives on the xz-plane
and is connected to the canonical ladder Hamiltonian matrix
by applying the unitary transformations R1 and R2 (see text).
It is on the xz-plane and is connected to the canon-
ical ladder Hamiltonian matrix by applying two com-
bined rotations, which are: R1 = e
ipi(σx+σy+σz)/3
√
3 and
R2 = e
iΘσz/2, where Θ = arctan(J/). In this way:
R2R1Mbox(k)R
†
1R
†
2 =
(
0 v∗(k)
v(k) 0
)
, (151)
being:
v(k) =
√
2 + J2 + 2J ′ cos(k − δ)e−iΘ+
i2t sin(k − δ − φ)e−iΘ. (152)
The condition v(k) = z(k) [see Eq. (148)] establishes the
relation between the parameters of the box ladder model
and the ones of the canonical ladder.
There are three ladder models studied in previous
works which are particular cases of this ladder config-
uration. The first one is the Creutz ladder [? ], which
corresponds to ladder (a) in Fig. 34 for  = 0, δ = −pi/2
and φ = pi/2. The second one is the imbalance Creutz
ladder [16], which corresponds to ladder (a) in Fig. 34 for
J = 0, δ = pi/2, φ = pi/2 and J ′ = t. Finally, the third
one is the shifted Creutz ladder [19], which corresponds
to ladder (a) in Fig. 34 for  = 0, δ = 0 and φ = −pi/2.
This research was funded by the Deutsche Forschungs-
gemeinschaft (DFG, German Research Foundation)
via Research Unit FOR 2414 under project number
277974659.
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A. Chiral symmetry and time reversal conditions
In order to prove the conditions for chiral symmetry,
13 and 14, and for T symmetry, 17 and 18, we first show
two useful results. We consider a general 2× 2 hermitian
matrix H and a genaral 2 × 2 unitary matrix U , which
can be written as:
H = αI+ β n · σ (A1)
U = eiϕ
(
cos
θ
2
I+ i sin
θ
2
m · σ
)
, (A2)
where n and m are unit vectors in R3, α and β are
two real numbers, θ an angle and ϕ a global phase. We
compute the transformation of H under U and get:
UHU† = αI+ β n′ · σ, (A3)
with n′ = cos θn−sin θm×n+2 sin2 θ2 (m·n)m. We are
interested in those unitary transformations that leave H
invariant and those that produce a change in its sign. In
the second case we want that UHU† = −H. Comparing
A1 and A3 we see that this implies: α = 0 and n′ =
−n. If m is codirectional to n, n′ = n and there is no
solution. Otherwise the set {n,m,m× n } constitutes
a basis of R3 and we can get the solution by comparing
coefficients, getting three equations:
cos θ = −1 (A4)
2 sin2
θ
2
m · n = 0 (A5)
sin θ = 0. (A6)
The only solution to them is θ = pi and m ·n = 0, so we
get the following result. Result 1 : given a 2×2 hermitian
matrix H, there exists a unitary transformation U such
that UHU† = −H if and only if H = β n · σ. Moreover,
the unitary transformation U has the form U = eiϕm ·σ
for any ϕ and being m such that m · n = 0.
On the other hand, for H to be invariant under U we
need that n′ = n, which is the case if m is codirectional
to n. Otherwise we have that:
cos θ = 1 (A7)
2 sin2
θ
2
m · n = 0 (A8)
sin θ = 0, (A9)
whose only solution is U = eiϕI. As a consequence
we obtain the second result. Result 2 : given a 2 × 2
hermitian matrix H = αI + β n · σ, the only unitary
transformations U such that UHU† = H are those with
the form U = eiϕ
(
cos θ2 I+ i sin
θ
2n · σ
)
.
Now we can easily derive the chiral conditions 13 and
14 and the T conditions 17 and 18. The Hamiltonian
matrix of a general ladder model is:
M(k) = λ(k)I+ (n0 + nc cos k + ns sin k) · σ, (A10)
Using result 1 we see that the Hamiltonian matrix fulfils
the chiral condition (7) only if λ(k) = 0 and there exists
a vector a such that a·(n0 +nc cos k+ns sin k) = 0 ∀k.
Therefore, the model will be chiral symmetric if the vec-
tors n0, nc and ns lie in a common plane.
The model has T symmetry (condition 5) if there is
a unitary transformation UT such that UT M(−k)†U†T =
M(−k). Using σ∗ = −σyσσy and defining U˜T = UTσy,
this implies:
U˜T (n0 · σ) U˜†T = −n0 · σ (A11)
U˜T (nc · σ) U˜†T = −nc · σ (A12)
U˜T (ns · σ) U˜†T = ns · σ. (A13)
For the first two equations to be fulfilled, using result
1, the unitary transformation U˜T must have the form
U˜T = b · σ with b · n0 = b · nc = 0. However, from the
last equation, using result 2, b must be proportional to
ns, therefore the condition for time reversal symmetry
is fulfilled if: ns · n0 = ns · nc = 0. In other words, the
even and odd components of the Hamiltonian matrix
must be perpendicular to each other for the system to
exhibit time reversal symmetry.
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